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We use dimensional regularization to evaluate the one loop contribution to the
graviton self-energy from a massless, minimally coupled scalar on a locally de
Sitter background. For noncoincident points our result agrees with the stress tensor
correlators obtained recently by Perez-Nadal, Roura and Verdaguer. We absorb the
ultraviolet divergences using the R? and C? counterterms first derived by 't Hooft
and Veltman, and we take the D = 4 limit of the finite remainder. The renormalized
result is expressed as the sum of two transverse, 4th order differential operators
acting on nonlocal, de Sitter invariant structure functions. In this form it can be used
to quantum-correct the linearized Einstein equations so that one can study how the
inflationary production of infrared scalars affects the propagation of dynamical gravitons
and the force of gravity. We have seen that they have no effect on the propagation of
dynamical gravitons. Our computation motivates a conjecture for the first correction to
the vacuum state wave functional of gravitons. We comment as well on performing the
same analysis for the more interesting contribution from inflationary gravitons, and on

inferring one loop corrections to the force of gravity.



CHAPTER 1
INTRODUCTION

My research involves quantum effects during primordial inflation. Primordial inflation
is a phase of accelerated expansion during the very early universe which explains why
the current universe is so homogeneous and isotropic on large scales, and why it is so
nearly spatially flat. Quantum effects are vastly strengthened during inflation because
the rapid expansion rips quantum fluctuations out of the vacuum so that they become
real particles. This is thought to be the source of the observed density perturbations.
My work concerns how the ensemble of scalars produced in this way would affect the
propagation of gravitational radiation and the force of gravity.

In the following sections, we will review what inflation is, why it enhances quantum
effects and how one can understand this enhancement as the classical response to
virtual particles. We will also discuss how reliable information from quantum general
relativity can be obtained in spite of its nonrenormalizability. This chapter closes with an
overview of my project.

1.1 Inflation

On scales above 100Mpc our universe is observed to be homogeneous and
isotropic. It also seems to have zero spatial curvature. Based on these three features
our universe can be described by the Friedmann-Robertson-Walker (FRW) metric, with
the invariant element

ds? = —dt? + a°(t)dX - dX. (1-1)

Here the coordinate t is physical time and the a(t) is called the scale factor because it

converts coordinate distance ||X — y|| into physical distance a(t)||X — y|.
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There are three observable cosmological quantities that can be constructed from

the scale factor:

. . a(to) - _
Red Shift z(t) = 20 (1-2)
Hubble Parameter H(t) = g (1-3)
. a3 H
Deceleration parameter q(t) = —m =l == —1+€(t) (1-4)

where t; is the current time. The Hubble parameter H(t) tells us the expansion rate of
the universe. The deceleration parameter measures the fractional acceleration rate a/a
in units of the Hubble parameter (a/a)?.

Inflation is defined as accelerated expansion, [1, 2]
H(t) > 0and ( g(t) <0 orequivalently e < 1). (1-5)

Their current values are: H,o, = (73.8 + 2.4)K,V,Lp/cS ~ 2.4 x 107¥¥Hz ~ 10733eV [3] and
enow == 0.33 +0.13 [4, 5]. So our universe is currently inflating. However the inflationary
epoch of relevance to my work is primordial inflation. Because the effects | study derive
from quantum gravity, they contain powers of GH?, and the current Hubble parameter
is just too small for these effects to be observable. In contrast, the latest data [5, 6]
plus the assumption of single scalar inflation imply H, < 1.7 x 10%8Hz ~ 103GeV
with ¢, < 0.011 [7]. This is only about six orders of magnitude below the Planck scale,
Mp; ~ 101° GeV and that makes these effects small, but observable.

Here it is useful to comment that primordial inflation is very close to de Sitter which
has a positive constant for H and g exactly —1 (or e = 0). This allows us to take de Sitter
space as a paradigm for primordial inflation. All my calculations concerning quantum
effects during inflation are done on Sitter background.

1.2 Understanding Quantum Effects

Quantum loop effects can be understood as the classical response to virtual

particles. For example, consider the vacuum polarization of quantum electrodynamics.
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The energy-time uncertainty principle says that virtual electro-positron pairs are created
out of the vacuum and exist for a brief period of time. If we just accept this, the vacuum
polarization is completely analogous to the phenomenon of classical polarization in

a mediuum full of charged particles. The bottom line is that if whatever increases the
number of virtual particles strengthens quantum effects. In the following subsections we
will discuss how inflation does this. We consider two aspects, the persistence time and
the emergence rate of virtual particles.

1.2.1 Uncertainty Principle during Inflation

The energy-time uncertainty principle of flat space
AEAt R 1. (1-6)

says that to resolve an energy with accuracy AE we have to wait at least a time At.
To reslove the production of a virtual pair of wave number k and mass m we have
AE = 2v/m?+ k2. We would not notice a violation of energy conservation provided

At X L  That is, we can take 1/AE as the lifetime of a virtual pair.

AE
1 1

A= e o 1-7

AE  2v/m?2 + k2 (=)

How would this effect change during inflation? If we consider the homogeneous,
isotropic and spatially flat geometry described in (1—1), from its spatial translation
invariance one can still label particles by constant wave numbers K, just as in flat space.
However, this “co-moving wave vector” k involves an inverse length and hence one must
multiply it by the scale factor a(t) to get the “physical wave vector” E/a(t). This time

dependent wave number implies the expression for (1—7) becomes an integral.

t+At .
/ dt'2E(t k) ~ 1. (1-8)
t

with E(t, k) = \/m? + k2/a2(t). Note that spacetime expansion always lengthens the

time a virtual pair can exist because k,.,s = k/a(t) becomes smaller as a(t) grows. Just
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as in flat space, massless particles of the same wave number live longer than massive

ones. Taking m = 0 and the de Sitter limit of the scale factor, a(t) = a,e"* we have

2k
Ha(t)

(1—eMrt)y< 1. (1-9)
This means that massless virtual particles can live forever during inflation if they emerge
with k ~ Ha(t).
1.2.2 Conformal Invariance

Another important factor for virtual particle creation is the rate at which virtual
particles emerge from the vacuum. It turns out the rate depends on the type of
particle. In flat space the emergence rate [ 4., is constant by Poincare invariance. In an
expanding universe it will become time dependent because time translation invariance
is no longer valid. Recall now that virtual particles live longest when they are massless.
Unfortunately, almost all massless particles possess conformal invariance, which leads
to an exponential suppression of their emergence rate.

To understand this, note first that conformally invariant theories in FRW conformal

coordinates are locally identical to flat space. This becomes clear if we express the FRW

metric (1—1) in conformal coordinates,

dt = a(t)dn = ds> = —dt®> + a°(t)dX- dX

= 2(t)(—di? + d% - dx) . (1-10)

Here t is physical time and » is conformal time. In (n, X) coordinates the homogeneous
and isotropic, spatially flat geometry looks like a conformal rescaling of flat space. One
consequence is that the emergence rate per conformal time must be the same as in flat

space, I, = ['g,:. Now just convert to physical time, we see

dN  dndN  dn_ T

dt  dtdn  dt " a(t) (=11)
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This means that the emergence rate of virtual particles possessing conformal symmetry
is suppressed by a factor of 1/a. Therefore any conformal-invariant, massless virtual
particles with k ~ Ha(t) can live forever but the problem is that they don’t have much
chance to emerge from the vacuum.

From this and the previous discussions, we have the conditions which leads to big

quantum effects:

e Inflationary spacetime

e Massless particles

e No conformal invariance
We have only two kinds of massless and not conformally invariant particles: MMC
scalars and gravitons, my thesis concerns the effect of the former on the latter.
1.2.3 Particle Production during Inflation

It is also useful to explicitly show the number of virtual particles grows. In this

subsection we compute the particle production rate during inflation for nonconformally
invariant particles. Consider the massless, minimally coupled scalar' (t, X). Its
Lagrangian density is

1
L= —> L0, 09" /=g (1-12)

Using the metric (1—1) and integrating gives the Lagrangian,
— 3 1 3 3ol D\ il O 1 3 =
L= | d°xL = 53 dxo(t, X)p(t, X) — 54 d>xVe -V (1-13)
Using Parseval’s theorem

/ " (0g(x) = / K gk (1-14)

o oo 2T

and the reality condition (f(x) is real) f(—k) = f*(k) , we find

" The result is equivalent for the gravitons, as recognized by Grishchuck[8]
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1, [ &% L1 [Pk
L=57 [ deRE /<)—§a/(27r)3

Because there is no coupling between different K’s, let us consider one mode with k and

K2G(t, k)G (t, k) . (1-15)

call it q(t). Its Lagrangian is,

1 1
L= §a3q2 — §k2aq2 . (1-16)

Now we notice this is the Lagrangian of a harmonic oscillator with mass m(t) = a3(t)
and frequency w(t) = k/a(t). Because mass and frequency are time dependent there

are no stationary states but we can still construct the Hamiltonian

aL 130 1o o 1 o 1 2 2
=45 — L= 5 =5 =m(t)w(t)q” . 1-17
H=a5, —L=3aq+5kaq >m(t)a” + sm(t)w(t)q (1-17)
with the equation of motion
k2
q+3/—lq+ -q =10 (1-18)

Solving this equation for general a(t) is not easy but for the special case of de Sitter

(a(t) = eM and H = 0) which is relevant in our discussion, the general solution takes

the form,
* __H IK G —
q(t) = u(t)a + u*(t)al, u(t k)= \/%{1— Ha(t)]e @® (1-19)

where o and o' are operators which we canonically normalize as in normal quantum
mechanics,

[, al] =1 (1-20)

We define Bunch-Davies vacuum |2) as the state with minimum energy in the distant
past. The Bunch-Davis vacuum is |2 > is annihilated by «, a|2 >= 0 . To find the the
number of particles which emerge with wave number k, consider the expectation value

of the energy in this state

<QHBIQ > = %f(t) < QlADQ > +%k2a(t) < QADIQ >
k1 Ha\*1 k[1 . ..
= () =i e (=21
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We recognize that the number of particles with wave number k grows in time as the

square of the scale factor,

N(k, t) = (Hggf))z (1-22)

Note that the growth becomes significant for infrared wave numbers, k < Ha. One
consequence of this being an infrared effect is that perturbative general relativity can be
used reliably as an effective field theory, even though it is not renormalizable. This issue
will be discussed in the next section.
1.3 Using Quantum Gravity as an Effective Field Theory

Quantum gravity is not perturbatively renormalizable [9], however, ultraviolet
divergences can always be absorbed in the sense of Bogoliubov, Parasiuk, Hepp
and Zimmerman (BPHZ) [10]. A widespread misconception exists that no valid
quantum predictions can be extracted from such an exercise. This is false: while
nonrenormalizability does preclude being able to compute everything, that is not the
same thing as being able to compute nothing. The problem with a nonrenormalizable
theory is that no physical principle fixes the finite parts of the escalating series of BPHZ
counterterms needed to absorb ultraviolet divergences, order-by-order in perturbation
theory. Hence any prediction of the theory that can be changed by adjusting the finite
parts of these counterterms is essentially arbitrary. However, loops of massless particles
make nonlocal contributions to the effective action that can never be affected by local
counterterms. These nonlocal contributions typically dominate in the infrared. Further,
they cannot be affected by whatever modification of ultraviolet physics ultimately results
in a completely consistent formalism. As long as the eventual fix introduces no new
massless particles, and does not disturb the low energy couplings of the existing ones,
the far infrared predictions of a BPHZ-renormalized quantum theory will agree with those
of its fully consistent descendant.

To see this issue more specifically, let us first recall the theorem of Bogoliubov,

Parasiuk, Hepp and Zimmerman (BPHZ) which constructs the local counterterms
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needed to absorb the ultraviolet divergences of any quantum field theory at some fixed
order in the loop expansion [10]. This applies as well for quantum general relativity
plus any matter theory, and the two one loop counterterms R? and C? required for
scalars in D = 4 spacetime dimensions have long been known [9]. The problem for
quantum general relativity is that these counterterms are not present in the original
Lagrangian. We could include R?; it would add a massive, positive energy scalar particle
which poses no essential problem for the theory. However, incorporating C2 on a
nonperturbative level would add a negative energy, spin two particle whose presence
would cause the universe to decay instantly. We must therefore treat the one loop
counterterms perturbatively, and regard them as proxies for the still unknown ultraviolet
completion of the theory.

The remaining problem with these perturbative counterterms is that we don’t know
their finite parts. Their divergent parts are fixed by the need to subtract off the infinities
one encounters in loop corrections, but nothing fixes the finite parts, and these finite
parts affect physical results, even when we only use them perturbatively. Of course
this ambiguity reflects the fact that we don’t know the ultraviolet completion of quantum
gravity. What it means is that the only reliable predictions are those for which the
arbitrary finite parts of the counterterms are unimportant.

That there are such predictions derives from two things:

e BPHZ counterterms are guaranteed to be local [10]; and

e Massless particles make nonlocal corrections to the effective field equations.
As an example, consider one loop corrections to the quantum gravitational effective
action which are quadratic in the graviton field h,,. For simplicity, let the background be
flat space, and let us agree not to worry about how the various indices are contracted.

The one loop counterterms contribute to the effective action as,

[Loop N/d4x82h -0%°h+ O(h®) . (1-23)
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As stated, the problem with these sorts of terms is that we don’t know the numerical
coefficients which multiply them. In contrast, one loop effects from massless particles

contribute terms of the form,

|—1Ioop ~ /d4X82h . In(—82) . a2h+ O(h3) ) (1—24)

finite

Perturbative quantum general relativity makes an exact prediction for the coefficients
of these terms. Further, in the large distance regime the finite, nonlocal contributions
(1—24) dominate over the local counterterms (1-23) owing to their enhancement by the
factor of In(—0?), which diverges in the infrared. In momentum space 9> — —p?, and
the long wavelength regime is p?> ~ 0. Then the local counterterm goes like p*, and the
nonlocal primitive effects go like p* In(p?). For small enough p? the nonlocal effects are
larger, no matter how big the finite parts of the counterterms are.

It is worthwhile to review the vast body of distinguished work that has employed
to derive valid quantum effects in the long distance regime. The oldest example is the
solution of the infrared problem in quantum electrodynamics by Bloch and Nordsieck
[13], long before that theory’s renormalizability was suspected. Weinberg [14] was able
to achieve a similar resolution for quantum gravity with zero cosmological constant. The
same principle was at work in the Fermi theory computation of the long range force due
to loops of massless neutrinos by Feinberg and Sucher [15, 16]. In pure quantum gravity
Donoghue and others has applied the principles of low energy effective field theory to
compute graviton corrections to the long range gravitational force [17-23].

To summarize, as long as we consider the low energy regime, the finite quantum
corrections from the original Lagrangian can be distinguished from those of local
counterterms. In the previous subsections | discussed the virtual particles produced

during inflation. The two key facts were

1. The number of virtual particles present during a period of accelerated expansion is
vastly larger than during a phase of deceleration; and
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2.  The extra virtual particles have cosmological wavelengths.
The first fact means one can get significant quantum effects; the second point means
that these effects can be computed reliably without knowing the ultraviolet completion of
quantum gravity.

1.4 Overview

The linearized equations for all known force fields do two things:

e They give the linearized force fields induced by sources; and

e They describe the propagation of dynamical particles which carry the force but are,
in principle, independent of any source.

This is the classic distinction between the constrained and unconstrained parts of a
force field. In electromagnetism it amounts to the Coulomb potential versus photons.
In gravity there is the Newtonian potential, plus its three relativistic partners, versus
gravitons.

Quantum corrections to the linearized field equations derive from how the 0-point
fluctuations of various fields in whatever background is assumed, respond to the
linearized force fields. These quantum corrections do not change the dichotomy
between constrained and unconstrained fields but they can, of course, modify classical
results. Around flat space background there is no effect, after renormalization, on the
propagation of dynamical photons or gravitons but there are small corrections to the
Coulomb and Newtonian potentials. As might be expected, the long distance effects are
greatest for the 0-point fluctuations of massless particles and they take the form required
by perturbation theory and dimensional analysis [43, 44],

2

() e~ 1 ()

where r is the distance to the source, ry is the point at which the renormalized charge is

(A

hG
) )Newt. o , (1_25)

defined, and the other constants have their usual meanings.
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Schradinger was the first to suggest that the expansion of spacetime can lead
to particle production by ripping the virtual particles (which are implicit in 0-point
fluctuations) out of the vacuum [45]. Following early work by Imamura [46], the first
quantitative results were obtained by Parker [47]. He found that the effect is maximized
during accelerated expansion, and for massless particles which are not conformally
invariant [48], such as massless, minimally coupled (MMC) scalars and (as noted by
Grishchuk [8]) gravitons. This result was reviewed in the previous sections.

The de Sitter geometry is the most highly accelerated expansion consistent with
classical stability. For de Sitter background with Hubble constant H and scale factor
a(t) = e"* we have shown that the number of MMC scalars, or either polarization of

graviton, created with wave vector kis [49],

- Ha(t)\?2 ~
N(t, k>_<2CIIEH) . (1-26)

It is these particles which comprise the scalar and tensor perturbations produced by
inflation [50], the scalar contribution of which has been imaged [51]. Of course the same
particles also enter loop diagrams to cause an enormous strengthening of the quantum
effects caused by MMC scalars and gravitons. A number of analytic results have been
obtained for one loop corrections to the way various particles propagate on de Sitter

background and also to how long range forces act:

e In MMC scalar quantum electrodynamics, infrared photons behave as if they
had an increasing mass [52], and the charge screening very quickly becomes
nonperturbatively strong [53], but there is no big effect on scalars [54];

e For a MMC scalar which is Yukawa-coupled to a massless fermion, infrared
fermions behave as if they had an increasing mass [55] but the associated scalars
experience no large correction [56];

e For a MMC scalar with a quartic self-interaction, infrared scalars behave as if they
had an increasing mass (which persists to two loop order) [57];

e For quantum gravity minimally coupled to a massless fermion, the fermion field
strength grows without bound [58]; and

20



e For quantum gravity plus a MMC scalar, the scalar shows no secular effect but its
field strength may acquire a momentum-dependent enhancement [59].

The great omission from this list is how inflationary scalars and gravitons affect gravity,
both as regards the propagation of dynamical gravitons and as regards the force of
gravity. My project represents a first step in completing the list.

One includes quantum corrections to the linearized field equation by subtracting the
integral of the appropriate one-particle-irreducible (1PI) 2-point function up against the
linearized field. For example, a MMC scalar ¢(x) in a background metric g, (x) whose

1PI 2-point function is —iM?(x; x"), would have the linearized effective field equation,

0, |/ 99" Vgo(x)} — /d4x’ M?(x: x"Yo(x') =0 . (1-27)

To include gravity on the list we must therefore compute the graviton self-energy, either
from MMC scalars or from gravitons, and then use it to correct the linearized Einstein
equation.

In the first part of my dissertation we evaluate the contribution from MMC scalars
which is described in chapters 2 through 4; In chapter 2 we give those of the Feynman
rules which are needed for this computation, and we describe the geometry of our
D-dimensional, locally de Sitter background. Chapter 3 derives the relatively simple form
for the D-dimensional graviton self-energy with noncoincident points. We show that this
version of the result agrees with the flat space limit [61] and with the de Sitter stress
tensor correlators recently derived by Perez-Nadal, Roura and Verdaguer [99]. Chapter
4 undertakes the vastly more difficult reorganization which must be done to isolate
the local divergences for renormalization. At the end we subtract off the divergences
with the same counterterms originally computed for this model in 1974 by 't Hooft and
Veltman [9], and we take the unregulated limit of D = 4.

The second part of dissertation solves the linearized effective field equations to

determine quantum corrections to the propagation of gravitons. In chapter 5 we carry
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out the same calculations for flat space which also serve the correspondence limit for
the vastly more complicated de Sitter case. Chapter 6 is dedicated for the scalar one

loop correction to dynamical gravitons. Our conclusion comprises chapter 7.
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CHAPTER 2
FEYNMAN RULES

In this chapter we derive Feynman rules for the computation. We start by expressing

the full metric as

g}LV = glu,y + thLV ' (2_1)

where g, is the background metric, h,, is the graviton field whose indices are raised
and lowered with the background metric, and x? = 167 G is the loop counting parameter
of quantum gravity. Expanding the MMC scalar Lagrangian around the background
metric we get interaction vertices between the scalar and dynamical gravitons. We take
the D-dimensional locally de Sitter space as our background and introduce de Sitter
invariant bi-tensors which will be used throughout the calculation. We close this section
by providing the MMC scalar propagator on the de Sitter background.
2.1 Interaction Vertices
The Lagrangian which describes pure gravity and the interaction between gravitons

and the MMC scalar is,

1

1
L=——|R—(D-1)(D-2)H?*|\/=g — Z0,0,09"" /7 . (2-2)
167G 2

where R is Ricci scalar, G is Newton’s constant and H is the Hubble constant.
Computing the one loop scalar contributions to the graviton self-energy consists

of summing the 3 Feynman diagrams depicted in Figure 2-1. The sum of these three

W@Mm+w@mv»+wv\/vvwvm
T r T Xz

Figure 2-1. The one loop graviton self-energy from MMC scalars.
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diagrams has the following analytic form:
il =76 X)

2 2
= %Z T Y T (X)) x 0a0LiA(x; X') x D305 (x; X')
I=1 J=1
1 4
+§ Z F,’“’p‘mﬁ(x) X 0o 051 A(x; X') X §P(x — X))
=1
2
+23 7 17 (x) % 2(x = X') . (2-3)
=1

The 3-point and 4-point vertex factors 7/**” and F/****” derive from expanding the

MMC scalar Lagrangian using (2—1),

1
—5 00,0 9" '\ —9 (2—-4)

1 — v - K/ 1 — LV v i
=5 L0, 0g" ' \/—g — §8u<ﬂ3y90<§h9“ — h* )\/ —g

2 1, 1 1
—% ugp&,gp{[ghz—zh”"hpg]g‘“’—§hh’“’+h‘”php”}\/—§—|— O(+%).  (2-5)

The resulting 3-point and 4-point vertex factors are given in the Tables 1 and 2,

respectively. The procedure to get the counterterm vertex operators C;*?(x) is given in

section 4.

Table 2-1. 3-point vertices T/ where J,., 1s the de Sitter background metric,
k? = 167G and parenthesized indices are symmetrized.
| THvaB

] /
1 —%/-99"g"
2 4iry/—g gteg?”

Table 2-2. 4-point vertices F/"*°** where 9,., 1s the de Sitter background metric,
k? = 167G and parenthesized indices are symmetrized.
/_-/Wpaaﬁ

I /
152 = UV FPT A
1 — /=g 9"g" g
2 2 /=g gu(pga)l/§aﬁ
3 +§\/—_§ gu(agﬁ)lfgw +§MV§p(a§5)U
4 —2iKk*\/—3g ga(ugw(pgff)ﬂ
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These interaction vertices are valid for any background metric g,,,. In the next
two subsections we specialize to a locally de Sitter background and give the scalar
propagator iA(x; x") on it.
2.2 Working on de Sitter Space
We specify our background geometry as the open conformal coordinate submanifold
of D-dimensional de Sitter space. A spacetime point x* = (7, x') takes values in the
ranges

—o0o<n<O0 and — 00 < x' < 400 . (2-6)

In these coordinates the invariant element is,
ds® =G, dx" dx” = a’n,, dx*dx” (2-7)

where 1), is the Lorentz metric and a = —1/Hn is the scale factor. The Hubble
parameter H is constant for the de Sitter space. So in terms of 7, and a our background
metric is
Gy = @M - (2-8)
De Sitter space has the maximum number of space-time symmetries in a given
dimension. For our D-dimensional conformal coordinates the £D(D + 1) de Sitter
transformations can be decomposed as follows:
e Spatial transformations - (D — 1) transformations.
n=n, X'=x"+¢. (2-9)
e Rotations - $(D — 1)(D — 2) transformations.
n=n, xX'=Rx. (2-10)

e Dilation - 1 transformation. _ _
n' =kn, xX'"=k< . (2—11)
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e Spatial special conformal transformations - (D — 1) transformations.

!/ 17 X/_ XI_QIX‘X
1-20-X+ |02 x-x 1-20-3%+ |02 x-x

n (2-12)

It turns out that the MMC scalar contribution to the graviton self-energy is de Sitter

invariant. This suggests to express it in terms of the de Sitter length function y(x; x'),
2 , 1\ 2
— (\77—77 ]—/e) . (2-13)

Except for the factor of /e (whose purpose is to enforce Feynman boundary conditions)

y(x;x') = ad' H?

H)?—x’

the function y(x; x’) is closely related to the invariant length ¢(x; x’) from x* to x*,
1
y(x:x") = 4sin? <§H€(X; x’)) : (2-14)

With this de Sitter invariant quantity y(x; x’), we can form a convenient basis of de
Sitter invariant bi-tensors. Note that because y(x; x’) is de Sitter invariant, so too are
covariant derivatives of it. With the metrics g, (x) and g, (x'), the first three derivatives

of y(x; x") furnish a convenient basis of de Sitter invariant bi-tensors [54],

dy(x;x") 0 )

W = Ha(y§#—|—2a HAXM> , (2_1 5)
dy(x;x") o

W = Ha (_)/(5,/—23HAXV> , (2 16)
0%y (x; x") sl o0 . ;

CLE2 = HRad (yaRol+2a HXA ~2a00 HAX, ~ 21 (2-17)

Here and subsequently Ax, = 7, (x—x").

Acting covariant derivatives generates more basis tensors, for example [54],

D?y(x;x) |, _
Dzy(X; X/) 2 —= /
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The contraction of any pair of the basis tensors also produces more basis tensors [54],

dy Oy
OxH OxV
o 0 9?
_ oy 9%y
po( J\ 7
9" (x )8x"’ OXHOX'P
OXHOX'P OxVOX'®
02y 0%y

g (x)

g ()5
OxY OxHOX'®
0y 02y
OXHOX'P OxVOX'"

7 (x)

= H(4y=y) = 9" ()5 o

= H(2-y)

= 4H4§pa(x’) —H

= 4HG,,(x)—H

dy Oy

X! !

, Oy Oy
ox'P Ox'o

2 Oy Oy

OxH Oxv

(2—20)
(2-21)
(2—22)
(2—23)

(2-24)

Our basis tensors are naturally covariant, but their indices can of course be raised

using the metric at the appropriate point. To save space in writing this out we define

the basis tensors with raised indices as differentiation with respect to “covariant”

coordinates,

dy
ox,
dy
ox;,
02y
0x,0x),

_ dy
uv
g (X)axv
_ oy
po (.
g (X)g;;,
0y
104 —po /
9" (07" ()5 o2 -

2.3 Scalar Propagator on de Sitter

From the MMC scalar Lagrangian (2—2) we see that the propagator obeys

@L[\/—_? §‘“’8,,] iA(x;x') = /—g0iA(x; X') = i6°(x — X')

(2-25)
(2-26)

(2-27)

(2-28)

Although this equation is de Sitter invariant, there is no de Sitter invariant solution for

the propagator [62], hence some of the symmetries (2—9)-(2—12) must be broken.

We choose to preserve the homogeneity and isotropy of cosmology — relations

(2-9)-(2—10) — which corresponds to what is known as the “E3” vacuum [63]. It can

be realized in terms of plane wave mode sums by making the spatial manifold 721,

rather than RP~1, with coordinate radius H~! in each direction, and then using the
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integral approximation with the lower limit cut off at k = H [64]. The final result consists
of a de Sitter invariant function of y(x; x’) plus a de Sitter breaking part which depends

upon the scale factors at the two points [41],
IN(x; x") = A(y(x;x’)) + klin(aa') . (2—-29)

Here the constant k is given as,

HP-2 [(D-1)

g (47r)g r(%)

(2-30)

and the function A(y) has the expansion,

02 [1(8) (4\8-1 [(B+1) 4\82__ nDy (D~
mﬂﬁ)g{g_l(ﬂ) D) e () MY

y y
}. (2-31)

The infinite series terms of A(y) vanish for D = 4, so they only need to be retained when

2

©° _ n ( % 1) n-L42
P3[R () TR

n=1

multiplying a potentially divergent quantity, and even then one only needs to include a
handful of them. This makes loop computations manageable.

We note that the MMC scalar propagator (2—29) has a de Sitter breaking term,
klin(aa’). However, the one loop scalar contribution to the graviton self-energy only

involves the terms like 9,05/ A(x; x"), which are de Sitter invariant,

VY R BTN 2 ol g Oy Oy Py
0031 A(X; X') = B {A (y)ax’ﬁ + Ha 5/3} =A (y)ﬁax’ﬁ +A (y)(?xac‘)x’ﬁ . (2-82)
Another useful relation follows from the propagator equation,
(4y=y?)A"(y) + D(2=y)A(y) = (D-1)k . (2-33)

28



CHAPTER 3
ONE LOOP GRAVITON SELF-ENERGY

In this chapter we calculate the first two, primitive, diagrams of Figure 1. It turns
out that the contribution from the 4-point vertex (the middle diagram) vanishes in D = 4
dimensions. The contribution from two 3-point vertices (the leftmost diagram) is nonzero.
For noncoincident points it gives a relatively simple form which agrees with the flat space
limit [61] and with the de Sitter stress tensor correlator recently derived by Perez-Nadal,
Roura and Verdaguer [99].
3.1 Contribution from 4-Point Vertices

The 4-point contribution from the middle diagram of Figure 1 takes the form,

— [“VZPU} (x;x') = . Z 1078 (x) x Da04i A (x; X' x 6P (x—x") . (3-1)

4pt o 2

Recall that the four 4-point vertices F/“***’(x) are given in Table 2-2. Owing to the delta
function, we need the coincidence limit of the doubly differentiated propagator (2-32).
The coincidence limits of the various tensor factors follow from setting 8 = a, Ax* = 0
and y = 0 in relations (2—-15)-(2—-17),

Ay (x; x") Ay (x; x")

R L N (3-2)
PPy (x; x) .
I o = 2 G (5-9)

Hence the coincidence limit of the doubly differentiated propagator can be expressed in

terms of A'(y) evaluated at y = 0,

lim 0,053/ A(x; x") = A”(0) x 0+ A'(0) x [—2/—/2@“,] : (3-4)
x'—x
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From the definition (2-31) of A(y), we see that A'(y) is,

A(y) - HM{ () G (d)

4 (am)?
— -1 T( E_l) n—2+1
Ten 7 RE R e

2
n=1

Now we recall that, in dimensional regularization, any D-dependent power of zero

vanishes. Therefore, only the n = 1 term of the infinite series in (3—5) contributes to the

coincidence limit,

1 HP=2 (D)
A(0) == = , 3-6
© 4(am)2 T(2+1) (5-8)
and we have,
i . , 1 HP (D)
lim 0,031 A(X; x') = —= (3-7)
x'—x

b 9ap -
2(4m)2 T (2 +1) 7
Substituting (3—7), and the 4-point vertices from Table 2-2, into expression (3—1)

gives,

— [““Z’”} (x; x")

4pt

1 HP (D) _ { 1
i N iK [ ladre el ocﬁ_|_ S(pFo)vmap
2(4mBT(Brn) s NV TI\ Ty 99 TR S
1
+5 |79 + grgeg| - 2getig g }6D(x—x’) , (3-8)
D—4y i?HP (D) { }
_ V=G4 =979 — g P (x—x) 3-9

Because the Gamma functions are finite for D = 4 dimensions so we can dispense
with dimensional regularization and set D = 4. At that point the net contribution (3-9)

vanishes.
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3.2 Contribution from 3-Point Vertices

The contribution from the leftmost diagram of Figure 1 takes the form,

—i [“”Z”"] x; x")

3pt

N —

2
STTP) Y TEK) X Badis(x XY x 0505 (x; X') (3-10)
J=1

I=1 =
Recall from chapter 2 (section 2.2) that any de Sitter invariant bitensor can be expressed

as a linear combination of functions of y(x; x’) times the five basis tensors,

_i[uvz/ﬂ}(x;x’) = \/—_5\/—_51{ b a(y)

3pt 8xuax(’p ox! )8x,,
dy 9%y Oy dy Oy Oy 0Oy
T ox Do, o, P G a oo <Y
o 0y Oy dy Oy _
wv—1po |4 uv YV Y =ipo 2 —
GG H xa(y)+[g ax;,ax;+axuaxyg ]H ><e(y)}. (3-11)

By substituting our result (2—32) for the mixed second derivative of the scalar propagator,
along with the vertices from Table 2-1, and then making use of the contraction identities

(2—-20)-(2—24), it is straightforward to obtain expressions for the five coefficient functions,

oly) = —5R(AY, 3-12)
Bly) = —r*AA", (3—-13)
1) = —SRAY (3-14
) =~ WPy = P 4 2K 2= )y -y
HAP[HO-9-@r-2)} (-1
) = [y — AP+ 202N AA - (Y] (3-16)

Expressions (3—12)-(3—16) for the coefficient functions have the advantage of being
exact for any dimension D, but the disadvantages of being neither very explicit nor

very simple functions of y(x; x’). We can obtain expressions which are both simple and
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explicit, and totally adequate for use in the D = 4 effective field equations, by noting that

each pair of terms in the infinite series part of A(y) (2-31) vanishes for D = 4 spacetime

dimensions. Therefore, it is only neceesary to retain those parts of the infinite series

which can potentially multiply a divergence. For our computation that turns out to mean

only the n = 1 terms, and we can write the two derivatives as,

;L TQHTE[ e D4y
w = O -2 - 155 0)
% + (Irrelevant)} :
) (%) D-2 2t z
A = ﬁ{g(;) +(§_1>§<§)

A(E-223+9()°
Substituting these expansions in (3—12)-(3—16) gives,
=50 e) 250

+% (;) + (Irrelevant)} ,

5 = K{D(f>D+l+(D—1)D(;>D+%(D—2)D(D+1)(;>LH

27| 7 \y
_I_(g[;;—ggll) <§>2+1 + (Irrelevant)} :

. 2_;fl{_D2<;1/>D+2_(D_2)D2<;1/>D+1

—%(DQ—BD—2)D2 (f) D—|— (Irrelevant> } )

-1
+ (Irrelevant)} )

y
5= 2—K5{—(D2—D—4)<;1/>D— (D3—5D2+4D—4)<;>D1— %<D4—8D3
—|—19D2—28D+8> (;)Dz_ % <;i/> %+ (Irrelevant)} ,
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(3-18)

(8-19)

(3-20)

(3-21)

(3-22)



_ K ANPHL s f 2 (e 1 3 M2
¢ = 28{(0 2)D(y> + (D*~5D*+6D 4)(y) + 2D(D 7D
4\D-1  DI(D) /4\3+
12D—-12)( — — + (Irrel t ) 3-23
+ ><y> + TORCESY (y) (Irrelevan )} ( )
where the constant K is,
2H2D74|—2 D

K=" 5) (3-24)

(4m)P
3.3 Correspondence with Flat Space
An important and illuminating correspondence limit comes from taking the Hubble
constant to zero, with the conformal time going to minus infinity so as to keep the
physical time ¢ fixed,
1

1
n= —ﬁe_Ht: —4 +t+O(H). (3-25)

When this is done the background geometry degenerates to flat space and we should
recover well-known results [43]. We will also see in the next chapter that the flat
space limit provides crucial guidance in how to reorganize the de Sitter result for
renormalization.

Although each independent conformal time diverges under (3—-25), the conformal

coordinate separation just goes to the usual temporal separation of flat space,
AX° — t—t. (3-26)

All scale factors approach unity, and the de Sitter length function goes to H? times the

invariant interval of flat space,
y(x;x') — H?Ax? . (3-27)

In the flat space limit the leading behaviors of the various basis tensors are,

9y — 2H?Ax* Dy
0x,, ox!

14

dy?

—2H?Ax”
— o 0x,0x!,

s DH (3-28)
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And the leading behaviors for derivatives of the function A(y) are,

1 (%) 1 1(3)
H2A/ Yy — —— 75 2 5 = — 5 2 , 3—-29
¥ 4rs (Ax?)= 4rz AxP ( )
1 M(2+1) 1 M(2+1)
H*A” 2 = 2 . -
(v) 472 (AX2)§+1 475 AxDP+2 (3-30)

The 4-point contribution (3—9) to the graviton self-energy vanishes in the flat space
limit, even for D # 4. We can take the flat space limit of the 3-point contribution (3—11)
in two steps. First, substitute the leading behaviors (3—27) for y(x; x’) and (3—-28) for
the basis tensors. Then use expressions (3—29)-(3—30) on the derivatives of A(y). The
result is,

. . 1
—i [‘“’Zp"}(x;x’) = /leo 52{4/_/477;;(;)770):/ X —E(A’)2
—

flat

1

+8HOAxH P AXT) x —A' A" + 16 HEAXH AXY AxP X7 x —E(A“)2
1

H P =2 [16H4Ax4(A”)2+16H2AX2A'A”+4(D—4)(A')2}

1
+aHE [n“"Ax’)Ax”—l—Ax“Ax”np"} X3 [4H2Ax2(A“)2+4A'A~]} | (3-31)
RO [ o [ 2 Donumy . [_4D
e PP [_AXQD} + Ax P AxD) [W}
, . 2D?2 o 1(D2—D—4)
+AXPAXY AxPAXT X [—W} + n"'nP7 x [_EW]
v o v, _po D(D_2)

[ BB BB % | T }} _ (3-32)

Our result (3—32) agrees with equation (26) of [61].
3.4 Correspondence with Stress Tensor Correlators
Although the flat space limit (3—32) will prove a useful guide when we renormalize
in the next section, it does not check the purely de Sitter parts of (3—11). A true de Sitter
check is provided by the stress tensor correlators recently derived by Perez-Nadal,

Roura and Verdaguer [99]. To exploit their result we first elucidate the relation between
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the graviton 2-point 1Pl function and correlators of the stress tensor. Then we convert
their notation to ours.
The Heisenberg equation for the metric field operator coupled to a matter stress
tensor TH is,
1

1 1
R’“’—Eg’“’RJr5(D—2)(D—1)H2g’“’: 5/4;27—’“/. (3—-33)

Perturbation theory is implemented by expressing the full metric g,, = g, + xh,, as the
sum of a vacuum solution g, plus  times the graviton field h,,,. Expanding the left hand

side of (3—33) in powers of the graviton field gives,

1 1 1
RM — §gWR - 5(D—2)(D—1)H29“” = kD" h,, — EﬂzATuy : (3-34)

where the nonlinear terms comprise the graviton pseudo-stress tensor A7#*. The

Lichnerowicz operator of the linear term is,

PHYPT — D(pga)(u DY) — % [?W D*DY+G* DP D"]

1
*% 997 =g"0g |07+ (D-1) 59" 9"~ g | (3-85)

where D* is the covariant derivative operator in the background geometry. Substituting

these expansions in (3—33) and rearranging gives,

D7y, = (T + AT) = SRT (3-36)

We are computing the 1PI graviton 2-point function, which can be obtained from
the full graviton 2-point function by eliminating the one particle reducible parts and
amputating the external leg propagators. At the one loop order we are working, the one
particle reducible part drops out if one computes the correlator of the field minus its

expectation value,

dhyw(x)

(%) = (2| (x)]2) (3-37)

STH(x) = T“”(x)—<Q‘T“”(x)‘Q>. (3-38)
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To amputate, recall that the graviton propagator obeys,
V—g(x)DHeb [aﬂApa] (x;x") = (5&(5Z)/'5D(x—x’) + (Gauge Terms) : (3-39)

where “Gauge Terms” refers to the extra pieces needed to complete the projection
operator onto whatever gauge condition is employed. (For example, the projection
operator for de Donder gauge is given in equation (120) of [65].) This means that
external leg propagators are amputated by —//—g times the Lichnerowicz operator.
Hence the desired relation between the 2-point graviton 1Pl function and a 2-point

correlator of the stress tensor is,
— [’“’Ap"} (x;x")

= <Q\ (—/\/—_ED“”“BMM(X)) (—M—_gbﬂmahﬁ(x')) ‘Q> +O(k*),  (3-40)
= 212V 500 V0 (ST (8T ()

Q> +O(Y) . (3-41)

The expectation value on the right hand side of (3—41) is the stress tensor correlator
Frvre of Perez-Nadal, Roura and Verdaguer [99].

Perez-Nadal, Roura and Verdaguer actually derived F#**° for a scalar with arbitrary
mass, but we can compare our result (3—11) for the massless case with their equation

(28) [99]

Frvpe = P(p)nunynyns + Q1) (nuny 9,6 + Npnsd,,)

+R(:u)(n,unp§ycr + nl/no'gp,p + n,uncrgup + nunpgua)

+S(M)(§ﬂp§l/a + gupg,ua) + T(M)gﬂygpa . (3_42)
Note that here they expressed the stress tensor correlator in terms of five basis tensors
which are different from ours given in equation (3—11). Each of these five bitensors

are formed as a linear combination of products of the de Sitter invariant bitensors,

Na, Ny, 9., 9y @Nd G, The variable . and bitensors are defined as [99]:
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e u(x,x'): the distance along the shortest geodesic joining x and x’, also called the
geodesic distance;

e n,and n,: the unit vectors tangent to the geodesic at the points x and x’
respectively, pointing outward from it;

e g.,: the parallel propagator which parallel-transports a vector from x to x’ along
the geodesic;

e 7., andg,,: the metric tensors at the points x and x’ respectively.
The distance u(x, x’) (in our notation u(x, x") = H{(x; x") which is given in section 2)

corresponds to our de Sitter invariant function y(x, x’) with the relation,

cos(p)=Z=1- g . (3-43)

In comparing their results with ours it is also useful to note the relations between

their basis tensors and ours,

n, = Ay (3-44)
Hy/y(4—y) 0x?
1 ay
Ny = -, 3-45
’ Hy/y(4—y) Ox" (849
B 1 0%y 1 9y Oy
Gav/ C2H2 { Ox20x™?"  4—y Ox2 Ox'' } (3-46)

Thus the five basis tensors given in (3—42) are converted into our basis tensors as,

1 dy Oy 9Oy OJy
Ngr = —47
MallblierNd' = a4y — y2Y2 9xa oxb ox'< ox'd (3-47)
_ _ 1 _ Oy 9Oy | 0Oy Oy _
7 A1 c’ ’ = c'd’ _4
Nalpgcryg + N Ng 9ab H2(4y — y2) |:gabaX/C/ Ox'd’ Ix? 8ng d:| (3 8)
i o _ 2 oy Py Oy
Nagpy(crNdy = — H4(4y — y?) Ox(@ 9xP)9x/(c 9x'd")
2
- W Oy oy o (3-49)
H4(4y — y?)(4 — y) 0x2 OxP Ox'" Ox"
o 1 0%y 0%y 1 dy 0%y oy
29a(c’gd’)b = 7 / + 7 ’
2H* Ox20x'(c" OxdVOx'P  HA(4 — y) Ox(@ dxb)dx/(c" §x'd")
1 1 dy dy dy 09y
1 3_50
+2H4 (4 — y)? Ox? OxP Ox'<" Ox'd" ( )
gabgc’d’ = gabgc’d’ : (3_51)
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(Note that we have restored the factor of H which Perez-Nadal, Roura and Veraguer set
to unity.)
For a massless, minimally coupled scalar field, the u-dependent coefficients are

[99],

P =2G?,

Q=-G2+2G,G,,

R - Gng,
S=aG2,
1 D—4

Here the G; and G, are defined as

Gi(p) = G"(p) — G'(p) esc(p)

Go(p) = —G'(p) esc(p) (3-53)

where prime stands for derivative with respect to .
The comparison can be completed by noting that the Wightman function G(u)
becomes almost the same as our A(y) for the case of MMC scalar. In the massless limit,

their propagator has the formal expansion,

2 o0

G(M):(ZT);/zZr(D_Hn)r(n)l(HZ)n- (3-54)

r(2+n n\ 2

(Note that we have restored the factor of H”~2 which Perez-Nadal, Roura and Veraguer

set to unity.) Recalling the hypergeometric function,

L (04,6;7;2) _ i Ma+n)T(B+n) T(y) 2" (3-55)

(@) () T(y+n)nl’
we see that G(Z) can be written as,

_ HP=2 (D-1)r(0) D .y
0= GmerE o) A (D-1,0:2:1-7) . (3-56)
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Now we use one of the transformation formulae for hypergeometric functions (See for

example, 9.131 of [66]) to expand G in powers of y/4:

HP=2 [T(B) j4aN5-1 T(2+1),4\%2-2 r(D-1)
¥) (47r)2{§—1(y> %—2 <y> (0) r(%)
| 1T (n+D—1) sy\» 1 I—(n+§+1) y\n—5+2
S TraDy \z2)” - : 57
+;[n M(n+%) (4) n—2+2 T(n+2) (4) (3-57)
So we see that G(y) is the same as the function A(y) except for the replacement,
r(0-1) mD\T(D—-1)
(0 t = . 3-58
() I_(%) —>7rco<2) l_(%) ( )

This makes no difference because G(y) only enters the stress tensor correlator (3—42)
differentiated (See equations (3—-52)-(3-53)). Thus for comparison, we replace the

derivatives of G by the ones of A:

0G
o Vay —y2G =4y — y2A",
0?G

Gz — (v - V)G +(2-y)G = (4y —y)A + (2 - A" (3-59)

Here the prime stand for derivative with respect to y. Then the coefficients P, Q, R, S

and T given in equation (3-52) are written in terms of y as

= 2(4y — y?)*(A")? — dy(4y — y)A'A + 27 (A,
= —(4y — y?)? (A" =212 = y)(4y — y*)A"A + (4y — y*)(A)? .
—2(4y — y?)A'A 4+ 2y(A)?,

_ 4(A/)2 v

- »nw I O T
I

1 /i 11 Al
= 5|4y - V2P(A')P +2(2 - y)(4y — yP)A"A

+H{4(D —4) — (4y — y*)}(A)?| . (3-60)
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With this equation (3—60) and the conversion of basis given in equations (3—47)-(3-51)

we can arrange F,,,, for the MMC scalar in terms of our basis tensors,

4{ 0y 02y

F

uvpos — a(y)

— X
k2 | OxrOX'(P Ox'7) OxV

oy 9%y Oy
Ox( 9xv) Ox!'(p Ox'o)

dy Oy Oy Oy
Oxt OxV Ox'P Ox'o

, Oy Oy Oy Oy 07,0 _
ox'P Ox'o 0)(“6)(”9 }H xely) o (3-61)

iy [sza] (x: X)) . (3-62)

+ x B(y) + x y(y)

£ H X 6(y) + |7

= —i X L X
w2500 /=90

40



CHAPTER 4
RENORMALIZATION

Our result (3—11) is valid as long as x'* # x*, either with the exact coefficient
functions (3—12)-(3—16) or with the relevant expansions (3—19)-(3-23) for D = 4.
However, it is not immediately usable in the quantum-corrected, linearized Einstein

equations because they involve an integration over x'*,

/=G D" (x) — /d4 '[sz](x XYoo (X') = —W_ T (x (4-1)

ren

To obtain a usable form we must express (3—11) as a product of up to six differential
operators acting upon a function of y(x; x’) which is integrable in D = 4 spacetime
dimensions. The derivatives with respect to x* can be pulled outside the integral, and
those with respect to x’* can be partially integrated to act back on the h,,(x’),! leaving
an expression for which the D = 4 limit could be taken were it not for some factors of
1/(D — 4). At this stage one adds zero in the form of identities such as,

D_1 D SD(y
0503w () - A o e

We combine (4-2) with terms which arise from extracting derivatives to segregate the

divergences on local, delta function terms, for example,

1 D/D N | 403
54|72V ())
DD N, ol [(DP2=(H51)  (4n)2i6P(x—x) /=G
-5 (5-1)H { D_4 }+ RIS R
1 1) 4, (Y (47)% i6°(x—x') /=g
_E[m—zH}{;|n<Z)}+O(D—4)+ e ECETE (4-4)

Renormalization consists of subtracting off the divergent delta functions with counterterms.

In section 4.1 we exhibit the one loop counterterms for quantum gravity. We review how

! The resulting surface terms can be absorbed by correcting the initial state [67].
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to renormalize the flat space limit (3—32) in section 4.2. That suggests a convenient way
of organizing the tensor algebra into two transverse, 4th order differential operators, one
with spin zero and the other with spin two. In section 4.3 we implement this for de Sitter.
The spin zero part is renormalized in section 4.4, and the spin two part in section 4.5.
4.1 One Loop Counterterms

Gravity + Scalar is not renormalizable in D = 4 dimensions [9]. However, the
theorem of Bogoliubov, Parasiuk, Hepp and Zimmerman (BPHZ) shows us how to
construct local counterterms which absorb the ultraviolet divergences of any quantum
field theory to any fixed order in the loop expansion [10]. For quantum gravity at one
loop order the necessary counterterms can be taken to be the squares of the Ricci
scalar and the Weyl tensor [9]. The problem of quantum gravity is that the Weyl
counterterm would destabilize the universe if it were regarded as a fundamental,
nonperturbative interaction [68]. We shall therefore consider it only perturbatively, in
the sense of effective field theory, as a proxy for the yet unknown ultraviolet completion
of quantum gravity. The quantum effects we seek to study derive from infrared virtual
scalars with wavelengths on the order of the Hubble radius, and they will manifest as
nonlocal and ultraviolet finite contributions to the graviton self-energy which are not
affected by how nature resolves the ultraviolet problem of quantum gravity.

Because the background Ricci scalar is nonzero it is useful to reorganize R? into a

part which is quadratic in the graviton field,
2
R? = [R - D(D—l)/—lz] +2D(D—1)H?R — D2(D—1)2H* . (4-5)
So we will employ four counterterms,

Ay = afR- D(D—l)/—/z]z\/—_g, (4-6)

ALy = 6CPPCoys/—3, (4-7)
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ALs aH?|R— (D-1)(D-2)H?|\/—9, (4-8)

A£4 = C4H4\/—g. (4—9)

Of course the divergences can really be eliminated with just AL, and the particular
linear combination of AL;, ALz and AL, which is proportional to just R?\/—g. It must

therefore be that two linear combinations of the coefficients are finite,

lim |-2D(D~1)¢; +c3] — Finite, (4-10)
gm4 [D2(D—1)2C1 — (D—l)(D—2)C3 + C4] = Finite . (4_1 1)

And the divergent parts of ¢; and ¢, must agree with the values obtained long ago by ‘t
Hooft and Veltman [9].

At this point we digress to define two 2nd order differential operators of great
importance to our subsequent analysis. They come from expanding the scalar and Weyl

curvatures around de Sitter background,

R—D(D-1)H?> = P"kh,, + O(k?h?), (4-12)

Caprs = Phpistiu + O(k?h?) . (4-13)
From (4—12) we have,
P = D'D” —g" |D* + (D-1)H?| , (4-14)

where D* is the covariant derivative operator in de Sitter background. The more difficult
expansion of the Weyl tensor gives,
17 v 1 — v - v - v - v

1
HCENGE)

900059005, | D . (4-15)
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where we define,

1

DY = 5[5&“5§)D7D5—62“5§)D7Da—5&“5§)D5D5+5é“5,’;)D5Da] , (4-16)
v — v 1 v v — v v

DY = gD = 5[5(90 )Dy—6'6%) D>~ DsDy+6Y' D; D ﬂ L (4-17)

D = gvg*Dhy s =DWD" - gD . (4-18)

One obtains the counterterm vertices by functionally differentiating / times each

counterterm action twice, and then setting the graviton field to zero. They are,

MW(’E)%;;(X/) - = 2C1/£2\/—_§'PW73PU/59(X—X/) , (4-19)
) =29 T R Pl XY (420)
e T ToRH Do), (4-21)
6huu(lf)A<5i;(x’> e G757 T ) 2

Recall that the Lichnerowicz operator in expression (4—21) was defined in expression

(3—35). Also note the flat space limits,

— 2 kTP TIP7 107 (x—X) 4-23
5P ()0 ()| ! (x=x) (4-23)
i6AS, 2 (D=3\Truiomoy NPT 5
5 (<) () -~ — 20K (D—2> [I—I Moy — 51 107 (x—x"), (4-24)
10AS3
O () ()| — 0 (4-25)
I'5AS4
3P (O G| (4-20)
where we define,
O™ = 9r9” — n'o° . (4-27)
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4.2 Renormalizing the Flat Space Result
Renormalizing the flat space result (3—32) provides an excellent guide for the vastly
more complicated reduction required on de Sitter background. We begin by extracting a

4th order differential operator from each term using the identities,

R & L (4-28)
Ax?0 ~ X(D-2)2(D—1)D Ax?0 3
o 8(0_2)21(0_1)0{8uaya2+77284}szlo—4' (4-29)
e G

Substituting these relations into (3—32), and then organizing the various derivatives
into factors of the transverse operator 1" of expression (4-27), gives a manifestly
transverse form,

—i [WZ"”} (x;x")

flat

RS [ e [N — g nene] ] g (4-31)
1670 | 8(D—1)2  4(D—2)2(D—1)(D+1) | Ax20=4 "

Let us pause at this point to note that we could have guessed most of the form of
expression (4-31). Gauge invariance implies transversality. We also have Poincaré
invariance, symmetry under the interchanges 1 +» v and p < o, and symmetry under
interchange of the primed and unprimed coordinates and indices. All this implies the

form,

Fo(AX?) . (4-32)

e
— |:MVZPU:| ﬂ(af<;X/) — Huul—lpoFl(AXZ) + |—|,u(p|—|0)1/_ o]
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Taking the trace of this and our result (3—32) against 7,,7,, gives an equation for the

spin zero structure function F;(Ax?),

K2M2(2) y _(D—2)*(D-1)D

A vl — _1\294 2 — .
v Tlpe > ’[ x ]ﬂat (D=1) 0" F((AXT) = =55 DAx2D (4-33)
Of course the solution is just what we found in (4—31) by direct computation,
K2M2(2) 1 1 \Db-2
FL(Ax?) = 2/ ( ) 4-34
H(AX) =60 X T5(D-1 \ax2 (4-34)
Determining the spin two structure function F,(Ax?) is done by first acting the
derivatives on the spin zero structure function,
M nee Fy = p e < 8F) + AxUn P Ax7) x 32F]" + Ax"Ax” AxPAx°
X 16F!™ + phpP? x [4(02—3)/:{’ +16(D+1)AF!" + 16AX4F{’”}
+ n“”Aprx"ﬂ—Ax“Ax”np"} X [—8(D+3)F{” - 16AX2F{’”} . (4-35)

We subtract these from each tensor factor in (3—32) and then act the spin two operator

[MHenor — LN M1#7] on F,(Ax?) to read off an equation for each of the five tensor

factors,
n#(ﬂna)u = 4(D_2D)D](-D+1) I_—2// + 16(D—|—1)AX2F2”/—|— 16AX4F2////
_E) D] 4-36
1670 | D—1Ax?D [ (4-36)
AX(HUV)(PAXU) = _ 16%?;—1) l_—2/// . 32AX2F2////
222 [ aD 1
= 1620 | D_1Bx70 (4-37)
D-2 K22 (2) 4D 1
o v p o mr__ 2 o _
AxPAX” AXPAXT = 16(—D_1)F2 6B\ BoTAD [ (4-38)
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4
P = -5 [(D—Q)(D+ 1)FY + 4(D+1)Ax2FY + 4AX4F2””}
2|_2 D 1 1
_ L (2){ } (4-39)

167P D—1 Ax2P

1
W AXPDXT+ DX A | = D—_61 (D+1)F +axFy"| = 0. (4-40)

Each of these equations has the same solution, which of course agrees with (4-31),

N K2 2(%) 1 1 \D-2 B
FalBX) = 6,0 X T HD-2)2(D-1)(D+1) <Ax2> ' (4-41)

We note for future reference that a particular linear combination of the five relations

(4—36)-(4—40) gives a second order equation for F>(Ax?),

4 K22(2) 11
— 2(4— =——(D- I = 2 . (442
(4—39) + Ax=(4—40) 51 (D-2)(D+1)F; 16D 51 AxZb ( )
Even after extracting the 4th order differential operators from the integration of
(4—1), the factor of 1/Ax2P~* is logarithmically divergent. We must therefore extract one

more d’Alembertian,

(&) - Q(D_g,a)(D_4) <Ai2)D3 : (4—43)

After this final derivative is extracted the integrand converges, however, we still cannot
take the D = 4 limit owing to the factor of 1/(D — 4). The solution is to add zero in the

form of the identity,

=0. (4-44)

2(L> e 472 (6P (x—x")
Ax? r-1)
To make this dimensionally consistent with (4—43) we must multiply by the dimensional

regualrization mass scale p raised to the (D — 4) power,

( 1 >D2 0? { 1 b4 }+ 472 uP=*i§P (x —x')

Ax? 2(D—-3)(D—4) | Ax2P=6  AxP=2( ' 2(D-3)(D—-4)r(2-1)"
1 In(2ax?) 472 pP=4i§P(x —x") ~
=0 {T -+ O(D—4)} + AD-3)(D- D (E-1) (4—45)
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The divergences have now been segregated on delta function terms which can
be removed with local counterterms. From expressions (4—23)-(4—26) we see that the

counterterms make the following contribution to the graviton self-energy,

flat

—i [‘WAZPU}(X; x') = I'I“”I'Ip"{ZcmziéD(x—x’)}

+ [Hu(pﬂg)v _ ngl—lia} {2 < g:g) C2m2/'5D(X—X/)} : (4-46)

The delta function terms will be entirely absorbed by choosing the constants ¢; and ¢,

as,
e (02
G (DD D) i
o - Q) : (4-48)

otz (D+1)(D-1)(D-3)*(D—-4)
Of course the divergent parts agree with the results obtained long ago by ‘t Hooft and
Veltman [9], with the arbitrary finite parts represented by . The fully renormalized
graviton self-energy (for flat space background) is,
—i[’“’Zp"] = lim {—/[’“’Zp"](x; X)) —i [“VAZPU}(X; x’)} : (4—49)

ren
flat D—4 flat flat

293274 Ax2

o)v 1 v o 2 ’iz In(M2AX2)
+[I‘I“(pl'l - e }a {21031517T4 ey (4-50)

4.3 The de Sitter Structure Functions
We must now extend the flat space ansatz (4—32) to de Sitter and determine the
resulting structure functions by comparison with the explicit result (3—11) of section
3. As before, gauge invariance implies transversality, which suggests that we make
use of the differential operators P*” and P/, ; which were defined in expressions

(4—14) and (4—15), respectively. In place of Poincaré invariance we now have de Sitter
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invariance. We also have symmetry under the interchanges i <+ v and p < o, and
under interchange of the primed and unprimed coordinates and indices. A simple

generalization is,

~i[E] (x) = VG P00V =00 PO F )
+v/=3(x)P 575(X)\/7X’73,M0¢ /){TMTBATWTCSQS(D 3)]:2( )} 4==1)

where the bitensor 7% is,?

1 Py(x;x)
k(g ) = _ ’ 4-52
THX) = =51 o (4-52)
As in flat space, the second term is traceless.
Note the flat space limits of the bitensor and the two structure functions,
aKk __ Ii)\ : _ 2 : _ 2 _
fim T =" lim Fi(y) = F(AXT) L lim Fa(y) = F(Ax7) (4-53)
These limits mean one can immediately read off the most singular parts of the
expansions for each structure function from the corresponding flat space result,
52/_/20—4[—2(§) _1 4\ D—2
= - 4-54
Fily) @nP | 8(D-1) (y) e (4-54)

/€2H2D_4r2(§) -1 4~ D-2
F0) = —Gp {4(D—3)(D—2)(D—1)(D+1)(;) +} (4-55)

The interesting de Sitter physics we seek to elucidate derives from the subdominant

terms.
Just as for the flat space limit, we can obtain an equation for the spin zero structure

function by tracing (4-51) and then comparing with the trace of the explicit computation

2 One could actually employ any bitensor — for example, the parallel transport matrix (3—46) — which
reduces to " in the flat space limit. Different choices for 7% (x; x') make corresponding changes in
the subdominant parts of the spin two structure function F,(y). We have not troubled to determine the
“simplest” choice.
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(3—11). Tracing the ansatz gives,

(0 GplX)

V=9(x)  /=3g(x')
Tracing the explicit result (3—11), substituting (3—12)-(3—16), and then making use of
(2—-33) gives,

X —/[Wzm} (x:x') = (D—1)2 [D+DH2} [D’+ DHﬂfl(y) . (4-56)

9,00 9,()
V=969 V90

+(2—y)(4y—y?)B+ (4y—y*)>y + D?*5 + 2D(4y—y2)e}, (4-57)

3pt

X —I [““Z’”] (x;x) = H4{ [4D—(4y—y2)]a

_ %(D—2)2n2H4{ [(ay—y?) 4D Ay’
—2(2—y)(4y—y*)AA" — (4y—y2)2(A”)2}, (4-58)
D1

- —%(D—l)Q(D—Q)%QH“{i (A)? + [(2—y)A' - kr} . (4-59)

Now note that the primed and unprimed scalar d’Alembertian’s agree when acting on

any function of only y(x; x’). Equating (4-56) and (4-59) and expanding implies,

[%w} Fily) = —é(D—z)%{ﬁ (AP +|@-9)A - kf} . (4-60)
_% ((DD__21))2 {D(;i/)D + (D-2)? <;i/) Pt
+%(D3—7D2+16D—8) (;)D_Q - (Irrelevant)} : (4-61)

where the constant K was defined in (3—24) and “Irrelevant” means terms which are
both integrable at coincidence, and which vanish in D = 4 dimensions.

Let us first note that we can find a Green’s function for the differential operator
[O0/H? + D]. To see this, act the operator on some function 7 (y) which is free of the

D

unique power y 2 ~! which produces a delta function,
D 2 1! !
[ +D]f(y) = (4y—y))f" + D2-y)f + Df (4-62)
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Now note that f1(y) = (2 — y) is a homogeneous solution, which means we can factor to

obtain a first order equation (and hence solvable) for the second solution,

1

A(y) = (2-y) = h(y) = Aly)gly) with g'(y) = : (4-63)
(4y—y?) 2 F2(y)
With the two, linearly independent solutions one can construct a Green’s function,
Gy ') = 0y =) DR 6B (dy =y E 1 (4-64)

Hence we can solve (4—61) to obtain on integral epxression for the spin zero structure

function,

Fily) =

2
{ Right hand side of (4—61) } (4-65)

[m]
H2
Although we will eventually make use of the Green’s function (4—64), it is best to

delay this until the point at which one can set D = 4. For the more singular terms the
best strategy is to exploit the fact that the “source” terms on the right hand side of (4—61)
upon which we wish to act the inverse of [[0/H? + D]? are just powers of y. Consider
acting the operator upon a power p — 2 # % —1lor % — 2 (those powers produce delta

functions),

0] (5) = -26-06-1-2)6-(2) + (b-2(p-1-3)

< [D(2p-1)~2(p-17 (;)pﬁ (p—1)2(D—p+2)2<;)p_.2 (4-66)

We can therefore develop a recursive procedure for reducing the power of the source,

2
1

L

1
E4D

[D2p=1)=2(p=1)7] (471, (p=1)(D+2=p)*  (4\P-2 _
X{ (P=1)(p=3) ) T -2)(p-1-2)(p-2 ) } (4-67)

The strategy is to apply this until the source is integrable, at which point the dimension

4NP 1 4N p—2
<§> :(p—zxp—l)(p—l—%)(p—%)<§> -

can be setto D = 4 (unless there are factors of 1/(D — 4)) and the D = 4 Green’s

function can be used to obtain the full solution for F;(y).
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It is useful to examine the sorts of terms generated when this recursive procedure
is applied to the source terms on the right hand side of (4-61). The most singular term
introduces no factors of 1/(D — 4), nor does it produce remainder terms different from

those in the original source term (4—61),

%—%"D <;>D:(D—Q)D(DAr—z)(D_l)<;>D_2
2 (3D—2) -1 (D—1) 5
e {E80) )} e

Neither statement is true for the remaining two source terms,

%10 G)D_l - (D—4)(D—2;r(D—3)(D—2) (;)M
. %iD {<02£52§)(58—)2)G)D_z+ (D—S?ED—;?()D—S)(;)D_3}' (o9
75 0 = oo )
B %io {(5(—75(_51)<§>D3+ (D—6??29D—_4§()D—4)<;>D4}' (4=70)

These relations allow the the spin zero structure function to be expressed as a “quotient”

and a “remainder” of the form,

RO = a0+ [g—] R, (@-71)
Quy) = —K{ﬂa(§>D_2+ i (;)D_Z(ij—;)z(;)w}. (4-72)
Rily) = —K{ Dfl_d Z G) Ty ( 0?64)2 (;)M + <Irre|evant)} , (4-73)

where the coefficients are,

fla = mv (4_74)

52



_ D(D*-5D+2)
o = D312 (4=75)

D?(D*—12D3*+39D?—16D—36)

e = T 60-6)D-3)(D-17 (4=76)
fa = 2+ 2 (D-4)+0((D-47) (4-77)
o = = -2 D-4)- 204y + O((D-4y). (4-78)

Although the powers y°~3 and y?~* in the remainder term of (4—71) are integrable,
the factors of 1/(D — 4) they carry preclude us setting D = 4 and then obtaining an
explicit form using the D = 4 Green’s function. In the next section we will see how to
add zero so as to localize the divergences, and then absorb them into counterterms. For
now, let us assume Fi(y) has been derived and explain the procedure for computing the
spin two structure function F5(y).

The spin zero part of the graviton self-energy can be expressed as a sum of the five

de Sitter invariant bitensors times functions of y,

PRO)XPr () xFily) = 8Xi28{<(’p ax?jgxy xan(y) + aifu axazax(p aiy;)
BV G <) HE 097X, )
L[ (x) gy Pt g xal) . @79)
Here the spin zero coefficient functions are,
a; = 2F7, (4-80)
B = 4F", (4-81)
v= F (4-82)

61 = (dy—y? )’ F" +2(D+1)(2—y)(4y —y*)F!" — 4(4y —y*) FY
+(D*=3)(2—y)’F, + (D-1)*(2—y)F, + (D-1)>F; , (4-83)

6 = —(4y—yHF" — (D+3)2—y)F! + (D+1)F] . (4-84)
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Of course the spin two contribution can be reduced to the same form,

Pl () % Pligo(X') {TQKTWWTM( )J-zm}

Py Dy xan(y) + dy %y Oy
T Ox0x, 0x,0%, 2T Ox 0xy0x], O,
0y 3y dy oy Ay N—po

+0x 5, O, O, x72(y) + H'g" (x)g” (x') x 02(y)

dy Oy L dy 0Oy
ox! ax’ 0x, 0%,

x Ba(y)

+H2 " (x) 5 597 (X) | xea(y) (4-89)

Determining the coefficient functions is an extremely tedious exercise that was done by
computer. The results for each coefficient function are expressed as an expansion in

powers of derivatives of the spin two structure function, for example,

4

d* F,
dyk

Qp — g Qo
k=0

(4-86)

The various coefficients, which are functions of D and y, are reported in Tables 4-1-4-5.

Table 4-1. Coefficient of F,: each term is multiplied by m
Coefficient of F
a0 —(D-3)D*(D+1)2|~4(D-2) + (D-1)(4y—y?)]

B0 2(D-3)(D—-1)D*(D+1)*(2—y)

Y20 (D—3)(D_1)D2(D+1)2

b 4(D—3)D(D+1) [—4(0—2) + D(4y—y2)}
€20 —4(D—-3)D?*(D+1)?

Table 4-2. Coefficient of F}: each term is multiplied by m
Coefficient of
a2 4(D-3)(D+1)%(2—y)|-2(D-2)D + (D-1)(D+1)(4y-y?)]

B2 8(D—3)(D+1)2[~3D + (D-1)(D+1)(4y-y?)]
V21 —4(D-3)(D-1)(D+1)*(2~y)

b1 —16(D=3)(D+172(2—y)[-2(D-2) + (D+1)(4y—y?)]
€21 16(D-3)(D+1)3*(2—y)

Now recall the second order equation (4—42) we were able to find for the flat

space structure function F,(Ax?) by adding § and Ax?e. After long contemplation of
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Table 4-3. Coefficient of F}: each term is multiplied by m
Coefficient of F}
am 2|8(D—2)2D(D+1) — 4(D+1)(3D*—8D2—6D+12)(4y —y?)
+(D~3)(D~1)(3D>+9D+7)(4y ~ y*)?]

Bon —4(2—y) [_QD(D+1)(3D2—5D—10)
+(D—3)(D—1)(3D2+9D+7)(4y—y2)}
Y22 —2[—12(D4—D3—7D2+D+1O)

+(D~3)(D~1)(3D2+9D+72)(4y ~ )]
. —8[8(0—2)2(D+1)—2(D+1)(6D2—11D—18)(4y—y2)
+(D~3)(3D+9D+7)(4y—y2)?]
€ 8[—2(D+1)(5D2—6D—24) + (D—3)(3DZ+9D+7)(4y—y2)}

Table 4-4. Coefficient of F}": each term is multiplied by m
Coefficient of F’

s —~4(D-1)(2—y)(4y—y?)[-2(D-2)(D+1)
+(D-3)(D+2)(4y - )]
Bas —8[4(D—2)D(D+1) — (5D3—8D2—23D+22)(4y—y?)

+(D=3)(D-1)(D+2)(4y—y?)?]
123 4(2-y)|-4(D—2)(D?=5) + (D-3)(D-1)(D+2)(4y—y?)]
025 16(2-y)(4y—y?)|~2(D~2)(D+1) + (D—3)(D+2)(4y—y?)|
s —16(2—y)[-2(D=2)(D+1) + (D-3)(D+2)(4y—y?)]

Table 4-5. Coefficient of F)”: each term is multiplied by m
Coefficient of F)"”

a  —(D-1)(4y—y2?|-4(D-2) + (D-3)(4y—y?)|

B 2(D=1)(2-y)(4y~y?)|~4(D~2) + (D-3)(4y—y?)]

124 [4(D=2) = (D-3)(4y~y?)] [4(D~2) - (D-1)(4y~?)]

024 4(4y—y?)?|-4(D-2) + (D-3)(4y —y?)

€24 —4(4y—y?)|-4(D—-2) + (D-3)(4y—y?)

the bewildering data in Tables 4-1-4-5 it becomes apparent that a similar second order
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equation for F,(y) derives from the combination,

020) + (dy=yDealy) = [50)=5:0)] + 4y D) )~ )] |

:_<D+1

m) {(D—Q)]:ﬁl —(D=3) |(4y —y*)F}

+2(D+1)(2—y)F, — D(D+1)]~"2}.

Hence we can express the equation for 7,(y) as,

DF, = — (g—;b { 50 =60 + (4 =) [ely) —a ) }

where the second order operator D is,
d\2
D=4(D-2 (-)
(D-2)(

—(D-3)

(4y—y2)<di'y)2 n 2(D+1)(2—y)di/y — D(D+1)

:4((%)2+ (D—3) B W

The source term on the right hand side of (4—89) has the form,

-(237) { 55 =60)] + @y -y [ -a )] }

{520 55 (0) ()

+£;i4<;)D_3+_(55%55<;>D_4+»Onemvmn)}-+7€,

where the remainder term R derives from the remainder R, of Fi,

D
2

R=(p71) {(D—1><2—y><4y—y2>(%)3 - D(O-1)(4y-y)(55)

2
1

I EN)

+4(D2_3)<%)2 + (D—1)2(2—y)<%) + (D—1)2}
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(2-y)2(i)2 —o(D+1)2—) L + DD+ |

R .

(4-87)

(4-88)

(4-89)

(4-90)

(4-91)

(4-92)

(4-93)



The coefficients in (4-92) are,

1

S, = —m, (4_94‘)
o= - An (4-95)
(D—4)(D—2)D(D+3)

* T T 32(D-6)(D-1) (4-99)
_ (D-#)(D-1)(D) B
T 16D+ )N (2+1) (4-97)
S = —%+%(D—4)+o((0—4)2>, (4-98)
s = ?—%(0_4)_%(0—4)%0((0—4)3)_ (4-99)

Just as for the differential operator (% + D), it is straightforward to construct a
Green’s function to invert D. The first step is to change variables in the second form

(4-91),

)
W= ,/? (2-y) = D = (D-3)[(1+w?) (%>2+2(D+1)W%+ D(D+1)] . (4-100)

The homogeneous equation Df (w) = 0 gives rise to a simple, 2-term recursion relation
which generates even and odd solutions. These series solutions can be expressed as

hypergeometric functions that reduce to elementary functions for D = 4,

_ D D+11 , (1—6w?+w?)

Lw) = 2R(5 5 5iw?) Ty (4-101)
D+1 D+2 3 w—w?

fO(W) = W><2F1< 5 ,T;E; 2) W (4—102)

Because we again have both homogeneous solutions it is simple to write down a

Green’s function,

O(w—w')

Go(w; w') = 53

fo(w)fe(W) —fo(W) £ (W) | (1+wW?)P (4-103)

As was the case for it spin zero cousin (4—64), the spin two Green’s function

(4—103) is not simple to use for arbitrary D. We therefore adopt the same strategy we
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used for 71, of recursively extracting powers until the remainder is integrable and the

D = 4 forms can be employed. Acting D on a power gives,

4
o(
y

)" = 2022 (p-1)(

HD-3)(p-2)(D+2-p) ()" + (D-3)(D+2-p)(D+3-7)(*)

Hence we conclude,

1
D

G

4

5|

y

4

~ (D=2)(p—2)(p—1)

(D-3)(D+2-p)

(D—-2)(p—1)

G

DS

4>P
y

.

D—3)(D+2—p)(D+3—p)

(D=2)(p—2)(p—1)

For the four powers of relevance expression (4—105) gives,

e

1

D

1

D

<_

<_

4
y

4
y

x

x

B 4 4
~ (D-2)2(D-1) <§

-1

677

p—2

it

_%{ (Dgi(f)(_D?))—l) G) T (92—42%2(_0311) G
4 4y D-3
~ (D-3)(D-2)2 (;)
SRR 5 ()

4

i 4
D (D—z)(;

16 (4

~ (D—4)(D—2)

4

D

{

y
(D—3)(D+4)
(D—-2)?

6

D
)22

<4

y

)

)

b
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~ (D—4)(D—3)(D—2) (;)M

3 80 4
(D-4)(D-2) <§

(D-3)(D+4)(D+6)

(D-4)(D-2)?

)}

(

4

y

it

(4-104)

(4—105)

(4-106)

(4-107)

(4-108)

(4-109)



These relations allow the spin two structure function to be expressed as a “quotient” and

“remainder” of the form,

Fo = Q20) + SRaly) (4-110
o H{a) 5 () () T o5 6) ) e
R, = —K{ sz_d4 (;) o + (Dfi—e4)2<;i/>D * (Irrelevant } (4-112)

where the coefficients are,

1
e = WD =2 D -1(D+1)" (4-113)
D*—3D%—8D?+60D—96

v = 4(D—3)(D—2)3(D—-1)(D+1) " (4=114)
f2c =

D&-8D™—13D%348D%*1136D*2'° D34 15056 D%~ 38208 D+ 34560 (4-115)

8(D—6)(D—3)(D—2)*(D—1)(D+1) '
(D-4)(D-1)I(D)
L= , 4-116
T (D=22(D+1)F(2)r(2+1) ( )
17 161
fo =5 + 505(D—4) + O((D=47) |
_82 243 13343 , , ~

o = & + 5o (D—4) + == =(D—4)? + O((D—4)*) (4-117)

4.4 Renormalizing the Spin Zero Structure Function
Recall the form (4—71) we obtained for the spin zero struncture function from taking

the trace of the graviton self-energy,

R0 =)+ g o] R0 (4-118)

Recall also that the quotient Q;(y) and the remainder R;(y) are given in relations

(4-72)-(4—78). From these expressions we perceive three sorts of ultraviolet divergences:

e The factor of (ﬁ)D—2 in Q;, which has a finite coefficient but is still not integrable in
D = 4 dimensions;
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e The factors of 515(7)°*in Q; and R, which are integrable in D = 4 dimensions
but have divergent coefficients that preclude taking the unregulated limits; and

e The factors of (523)°(3)”*in Q; and R, which are integrable in D =
dimensions but have even more divergent coefficients.

In this section we will explain how to localize all three divergences onto delta function
terms which can be absorbed by the counterterms (4—-19), (4—21) and (4—22). We will
also take the unregulated limits of the remaining, finite parts, and use the D = 4 Green’s
function (4—64) to obtain an explicit result for the renormalized structure function.

In dealing with the factor of (3)9—2 in Q1, the first step is to extract a d’Alembertian,

=) - 2(D—3)(§)D_3] - (4-119)

The resulting factors of ()2 are integrable in D = 4 dimensions, at which point we

(;)D = (D—4)2(D—3)

could take the unregulated limit except for the factor of 1/(D — 4) in (4—119). We can
localize the divergence on a delta function by adding zero in the form of the identity

(4_2)5

G)Dz - (D—4)2(D—3) {% G)DS_ (;)21

20-9() G0 iy | e

)2 0P (x—x") \/—g
- -7 {3 ()} ; TOD=H+ (?)(i4))([f—(3)r(§)11)/-70 - (@12

We turn now to the factors of 5= (3)"* and (55)°(7)°~* in @, and R,. The key

relations for resolving these terms follow from (4-2),

ol G) = eeer ()

(47T)2
F(D 1)HP/—7

O
H2

— 4D+ D(D-|—2) i62(x—x') | (4-122)

60



[E+Dr<f>g2 - —%(D—4)(D2+2D—4)<%> ’

§>22 _ (D-4)(4n)"
y 2r(5-1)HPv/=g
[El

2
WJFD} - D2 (4—124)

oo (D2 (D472 iP(x=x),  (4-123)

One adds zero using these relations so as to resolve the problematic terms in Q;, and

the remainder automatically resolves the problematic terms in R4,
2
=0 ot () ) 950 et
D—4\y (D—4)2\y Dip| | D-4Yy (D—4)2\y

o 06 e 070

2
1 fig (4\D=3 [D*(D+2)%f,—8(D?>+2D—4)f] r4\ 51
! Oip {D—4<§> " 16(D—4) (;)
fie (4\P4 (D—=2(D+4Pfc (4\582  D°fc
+(D—4)2(J_/> 8(D—4)2 <)_/> " (D—4)2
(4m)%/v=g| fip [D D(D+2)fi,—4fe | . /
TT@-1)HP 5a 0] HD—4) ]"“’(X—X)}' (4-125)

1

O

1 X ;i/ln<)—/>—l X In2<)—/> + O(D-4) + =g

18 47 6 4
1

e wg) s ()i« [
= D(D+2)f,—4h.
D—4[W ] 4(D-4)

2
{42n(3)

ent/v=g
r(2—1)HP

]/§D(X—X/)}. (4—126)

Employing expressions (4—121) and (4—126) in (4—71) allows us to separate the

spin zero structure function into a finite part and a divergent part,

Fi=Fir+ O(D—4) + AF; . (4-127)
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The finite part consists of the renormalized spin zero structure function,

2H (o1 4 8] 1 4 1 4 1 .y
B [Ltn)] o) o)
Fir (477)4{H2 727" 4] 127y Ma) Tyt M g

{455 ran(y) -3} wren

The divergent part consists of [% + D]~? acting on a sum of three local terms,

K2 H*
@ | T

1
L

2HP=#(2-1)r(2 — —x'
aF, = G UTG) - 2ha |0, p| 070xx)
(47)2 Dip| | (D-4)(D=3) |H V=39
fip | O 6P (x—x") _ | D(D+2)fip—4fic i6P (x—x") (4-129)
D—4 | H? N 4(D—4) V=g
Of course one cancels AF; with counterterms. From expressions (4—19)-(4—22) we

see that the four counterterms contribute to the graviton self-energy as,

— |:,LLI/AZ[)O':| (X; X/) — /_g [2C1/'£2'P“y7)po + 2C2lizgcmgﬁ>\—79 wPaﬁy(SPm\%

1
—C3k2H?DMP7 4 kP HY/—G [—gﬂ”gf’” —

: lgwgfﬂ] isP(x—x') . (4-130)

2

Tracing as we did in (4-56) gives,

900 9, (x)
V=909 V0x)

+0—1(E> cak [D +D] + —D(D_z)c ,-;2] DP0X) 43y

—i [‘“’AZ”"} (x;x") = (D—1)?>H*|2¢,K? [ O

2
H2+D]

2\D—1 H? 4(D-1)2" V=39

We can entirely absorb AF; by making the choices,

L _HTGE-DNE) fis
' (47)3 (D—4)(D-3)
_HP(3) (D-2)

6@n?  (D-a)(D3)(D-1z' 1%
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HP=4(3 -1 (% —
c = (2 ) (2)><—2<D 1) flb

(47)7 D—2) " D—a
_HP(®)  2D(D*-5D+2) )
T 16(4m): | (D—4)(D-3)(D-1)" (4-133)
__HHE-Ur®) -1y [0+t
b (47)2 D(D-2) 4(D—4)
_HPT(8) | D(D*-11D7424D+12) )
16(47)° T (D-6)(D-3)(D-2) (4-134)

The linear combinations (4—10) and (4—11) are finite,

B HD*“F(%) —2D? B
—2(D—1)Dcy + ¢5 = To(an)? SO IGENE (4-135)
(D—1)2D2C1 — (D—z)(D—l)C3 +

—4r(D _EP?2 _
_ HP=*T(2) D(D®*-6D?*+8D—24) (4-136)

16(4m)%  (D-6)(D-3)
Therefore neither the Newton constant nor the cosmological constant requires
a divergent renormalization, although we are free to continue making the finite
renormalizations of these constants which are implied by equations (4—132)-(4—134).
It remains to act the D = 4 Green’s function (4—-64) twice on the renormalized

remainder term in expression (4—128). The result is,

)
o] {5in() -3 sam() -3

5 () an(d)

—%(12 2+265)><— 84”120;0131

45 x40 = 22 NG) + g% In(y)

—%(2 ) [7Li2(1 - Z) _ 2Li2(Z) +5In(1 — X) |n(¥)
+%x$—gx§m(1—§)—%| (1——)+% ;| -7y (@137
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Here Li>(z) is the dilogarithm function,

[e.e]

Liz(z)z—/z '”(1 2 Zk2 | (4-138)

Hence our final result for the renormalized spin zero structure function is,

RPHY* O 1 4 /y 1 1 4 y
-l B[] et ()
F1r {H2 72Xy”4>] 127y 4+72 e

(4)"
1 4
a5 a0 as ) gy~ X )
7 y. 7(1272 +265) y
%X;'““)‘ 51— "7 w0 %

+M_1X}_/In2<)_/> +ﬂx¥|n<)_/>
1080 3 4 4 9 4 4

_%(2 —y) {7Li2(1 - %) _ 2Li2(£) +5In(1— %) |n(%)1 } . (4-139)

4.5 Renormalizing the Spin Two Structure Function

Recall the form (4—110) we obtained for the spin two structure function,

Foy) = Q) + 5Ra) (4-140)

where the second order differential operator D was defined in (4—91). Recall also that
the quotient Q,(y) and the remainder R,(y) are given in relations (4—-111)-(4—117).

These expression imply that F, harbors the same sort of ultraviolet divergences as Fi:

o The factor of ( )P=2in Q,, which has a finite coefficient but is still not integrable in
=4 dlmenS|ons

o The factors of 515(7)°*in O, and R, which are integrable in D = 4 dimensions
but have divergent coefficients that preclude taking the unregulated limits; and

e The factors of (523)°(5)”*in Q, and R, which are integrable in D =
dimensions but have even more divergent coefficients.

Only the leading divergence requires a new counterterm. It is handled by first

extracting another derivative and then adding zero in the form (4-2), just as we did in
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equations (4-119) and (4—121). The final result is,

4ND-2  2HA DO 1 4 gy 1 4 /y\N 1 4
Ko ) :W{m W}'”(Z)]‘@X;'”(ﬁ*%x;}
RHOA(S) | 452 x') =G
16(4m)%  (D-#)(D-3)(D-2)(D-1)(D+1)

+0(D—4) —

(4-141)

Comparing expressions (4—20) and (4-51) implies that the divergent part can be entirely

absorbed by choosing the coefficient ¢, of the Weyl counterterm (4-7) to be,

. HP=41(2) y )
° 16(4n)2  (D-4)(D-3)2(D-1)(D+1)

(4—142)

Of course the divergent part agrees with [9].
It turns out that the lower divergences of F, are canceled by the three factors we

added to Q; to cancel its lower divergences,

. flb 4 %71 21:1(_- 4 g72 flc _
5Q1—K{m(;> + oo 5) —m}- 4-143)

These changes in Q; induce changes in the source term upon which we act D! to get

FZ;

D-1

5= (pp3

){(D—l)(2—y)(4y—y2)5Q’1” — D(D-1)(4y—y*)00Qf

+4(D?-3)0Q) + (D—1)*(2—y)0Q, + (D— 1)25Q1} . (4-144)

() () (O i () ) e

Here the coefficients are,

5y — —%6(0—2)(0—1)05,,, (4-146)

55, — (Dlgfg)(fl_)l) [~(D-1)(D*~2D-4)fi, + 2(D-3)hc] | (4-147)
12

Jsy = éI(DDji) [D3f1b—(D2+2D—4)flc], (4-148)



(D —2)*(D—-1)*(D+2)

85e XDT 1) fic (4-149)
_ (D-1) -
Sse = —ogy fie: (4-150)

To infer the corresponding changes in the spin two quotient and remainder we
need to invert D on (£)2+1, ()% and 1. The second one was given in (4-109). From

expression (4—105) we find,

5() “woasly)
_i{(D—3)(D+2) (f
D| (D-2)D \y

g (D=3)(D+2)(D+4) 14\ 51
) - ORI ]

1 1
5<1> ~ (D-3)D(D+1) (4-152)

Although we want to move all the (é)%+1 and (3)% terms from the remainder to the
quotient, we must allow for an arbitrary amount §f,.. of the 1 term. Hence the changes in

the quotient and the remainder take the form,

. 5f2b 4 %_1 (5f25 4 %_2 566/
0 = K{D—4<;> +(D—4)2(}) +(13—4)2}' (4-153)

B Ofag 4\ 21 She [4\3-2 §fu
IRy = K{D_4(;) +(D_4)2(;) o[ (4-154)

The various coefficients are,

16
_ 64(D-3)(D+2) 16
§he = — BEAD X 0sp + CEAE X 0S¢, (4-156)
4(D— 2 4)(3D—1
5, — HD=3)(D+2)(D+4)(3D-10)

(D—2)3D
4(D-3)(D+4)
- (D-2y

X 0S¢ + 054, (4-157)
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16(D—3)?(D+2)(D+4)(D+6)

5f26 - (D—2)3D X55b

4(D-3)(D+4)(D+6)

= PR x 0s. +0s.,  (4-158)
6he = —(D=3)D(D+1)dfhe + 0Ser . (4—159)

It is possible to make the combination Q, + 0Q, possess a finite unregulated limit by
choosing,
271 11057

foor =1 ——=(D—4) + ——(D—4)>. 4-160
ot 60( )+3600( ) ( )

With this choice the renormalized spin two quotient is,

0 _I£2H4 O 1 ><4|n(y> 1 x4ln<y>+ixf
R (am)* Y H2| 240"y \4 1207y \4) 240"y

+ixfln(}—/>—1x£+lln2(z>—119|n<j—/)}- (4-161)

27y \4) 307y "4 \4) 60 \4

Choosing (4—160) also produces a finite result for the spin two remainder term,

2HY |1 4 149 4 41 193 359
< {7_|<z)_ Ay 1980y

R Gnyr 107y "\a) " 30 "y 10" \a) T e ™4) T o0
32 Y4 y\3 Y\2 y
2z 90(—) —291(—) 333(—) —152(—)
TGy { 4 4) T32°(4 4

+21} (;) |n(JZ/) + ﬁ {432 (%)3 ~ 792 (%)2 - 288(%)

+991 — 474(%) - 84(%)1 . %(;)3 In(1 — %) . % |n2(%)} .

(4-162)

Acting the D = 4 Green’s function (4—103) on the remainder and adding the result to the
quotient gives our final result for the renormalized spin two structure function (recall the

definition (4—138) of the dilogarithm function),
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(4-163)
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CHAPTER 5
FLAT SPACE RESULT

5.1 Schwinger-Keldysh Effective Field Eqns
The graviton self-energy —i[**¥X*7](x; x") is the one-particle-irreducible (1PI) 2-point
function for the graviton field h,,(t, X). It serves to quantum correct the linearized

Einstein equation.

DTh(x) + / @ [P0 (i ) By (') = Eir—fmagag(?()?) | (5-1)

However, this equation suffers from two embarrassments:

e Itisn’t causal because the in-out self-energy is nonzero for points x’* which are
spacelike separated from x*, or lie to its future; and

e |t doesn’t produce real potentials h,, because the in-out self-energy has an
imaginary part.

One can get the right result for a static potential by simply ignoring the imaginary part
[76, 77, 79], but circumventing the limitations of the in-out formalism becomes more
and more difficult as time dependent sources and higher order corrections are included,
and these techniques break down entirely for the case of cosmology in which there may
not even be asymptotic vacua. It is not that the in-out self-energy is somehow “wrong”.
In fact, it is exactly the right thing to correct the Feynman propagator for asymptotic
scattering computations in flat space. The point is rather that equation (5—1) doesn’t
provide the generalization we seek of the classical field equation.

The better technique is known as the Schwinger-Keldysh formalism [84]. It provides
a way of computing true expectation values that is almost as simple as the Feynman
diagrams which produce in-out matrix elements. The Schwinger-Keldysh rules are best
stated in the context of a scalar field ¢©(x) whose Lagrangian (the space integral of its
Lagrangian density) at time t is L[p(t)]. Suppose we are given a Heisenberg state |V)
whose wave functional in terms of the operator eigenkets at time t, is W[y(ty)], and

we wish to take the expectation value, in the presence of this state, of a product of two
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functionals of the field operator: A[y], which is anti-time-ordered, and By], which is

time-ordered. The Schwinger-Keldysh functional integral for this is [61],

(w|Ale1BlA| W) = [[d%][dcp-] o[- (t)—.(1)]

i Jig dt{u%(t)]_q@,(t)]}

xAlp_1Blp. ]V [p_(to)]e V. (to)] - (5-2)

The time t; > ty is arbitrary as long as it is later than the latest operator which is
contained in either A[y] or B[yp].

The Schwinger-Keldysh rules can be read off from its functional representation
(5—2). Because the same field operator is represented by two different dummy functional
variables, ¢, (x), the endpoints of lines carry a : polarity. External lines associated with
the anti-time-ordered operator A[y] have the - polarity whereas those associated with
the time-ordered operator B[y] have the . polarity. Interaction vertices are either all +
or all —. Vertices with ; polarity are the same as in the usual Feynman rules whereas
vertices with the - polarity have an additional minus sign. If the state |V) is something
other than free vacuum then it contributes additional interaction vertices on the initial
value surface [67].

Propagators can be .-, +-, -+, or ——. All four polarity variations can be read off from
the fundamental relation (5—-2) when the free Lagrangian is substituted for the full one.

It is useful to denote canonical expectation values in the free theory with a subscript
0. With this convention we see that the .+ propagator is just the ordinary Feynman
propagator,

i (xxX) = <Q‘ T(gp(x)gp(x’)) (Q>O — iAx;X') (5-3)
where T stands for time-ordering and T denotes anti-time-ordering. The other polarity

variations are simple to read off and to relate to the Feynman propagator,
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iA_(x;X) = <Q o(x)p(x') Q>O: (t—t)iA(x: X' )+t —t) [/A(x;x’)} ) (5-4)
iA,_(x;x) = <Q gp(X’)gp(X)‘Q>O: o(t—t') [/A(x;x')} O —t)iA(x: X)), (5-5)
in_(x;x)= <Q T(¢(x)¢(x'))‘9>oz [iA(x;x’)r. (5-6)

Therefore we can get the four propagators of the Schwinger-Keldysh formalism from the
Feynman propagator once that is known.

Because external lines can be either + or - in the Schwinger-Keldysh formalism,
every 1PI N-point function of the in-out formalism gives rise to 2" 1PI N-point functions
in the Schwinger-Keldysh formalism. For every classical field ¢(x) of an in-out effective
action, the coorresponding Schwinger-Keldysh effective action must depend upon two
fields — call them ¢_(x) and ¢_(x) — in order to access the appropriate 1Pl function
[85]. For the scalar paradigm we have been considering this effective action takes the

form,

Mo..6.1=S[6.] - Slo1 - / o / o'

¢ COMZ0x6 X )b, (X) + 6, (X)MZ_(x; x)b_(X')
+o_(X)M2,(x; X )¢ (X) + ¢ (x)M2_(x; X' ) (x')

+0(¢d), (5-7)

where S is the classical action. The effective field equations are obtained by varying with

respect to ¢, and then setting both fields equal [85],

o [¢.. o]

600, (x) | 97— o) - / @' [ M2.(x: X') + M2 x) | 6(x) + O(62).  (5-8)

1=

The two 1Pl 2-point functions we would need to quantum correct the linearized scalar
field equation are M2,(x; x") and M2 (x; x"). Their sum in (5-8) gives effective field
equations which are causal in the sense that the two 1P| functions cancel unless x'* lies
on or within the past light-cone of x*. Their sum is also real, which neither 1P| function is

separately.
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As mentioned before, the point of the present paper is to lay the groundwork for a
computation of the one loop correction to the force of gravity on de Sitter background.
The graviton contribution to the self-energy was computed some years ago [86] but has
never been used in the effective field equations. A computation of the scalar contribution
is underway.

Although the current computation will be the first to explore corrections to a force
law, the linearized effective field equations have been studied on de Sitter background
for many simpler models. In scalar quantum electrodynamics the one loop vacuum
polarization was computed and used to correct for the propagation of dynamical photons
[49, 52], but not yet for the Coulomb force. The one loop scalar self-mass-squared has
also been used to correct for the propagation of charged, massless, minimally coupled
scalars [87]. Both the fermion [55] and scalar [88] 1Pl 2-point functions of Yukawa theory
have been computed and used to correct the mode functions. The one and two loop
scalar self-mass-squared of A\p* theory has been computed and used to correct for the
propagation of massless, minimally coupled scalars [57]. In Einstein + Dirac the one
loop fermion self-energy has been computed and used to correct the fermion mode
function [58]. And the same thing has been done for scalars in Scalar + Einstein [59].

5.2 Solving for the Potentials

We begin by expressing the linearized effective field equations in a form which is
both manifestly real and causal. We then explain how these equations can be solved
perturbatively. The hardest step is integrating the one loop self-energy against the tree
order solution. The section closes by working out the two one loop potentials.

5.2.1 Achieving A Manifestly Real and Causal Form

The basis for our work is a position space result for the one loop contribution to the
1PI graviton 2-point function from a loop of massless, minimally coupled scalars, using
dimensional regularization and a minimal choice for the higher derivative counterterms

[61]. (Previous Schwinger-Keldysh computations of this quantity had been given in
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momentum space [89] which is not as useful for us.) All four polarization variations take
the form,

3 (6 x) = DL (X)) (5-9)
where the 4th-order, tensor-differential operator is,
D = [y P —0g” | [P —over | +%[n“@nﬂ”a“—zaww)@aa)+aﬂavaoaﬂ] - (5-10)
The four bi-scalars are,

Z:I::t(X;X/) = (£)(£) (5-11)

iK20% | In(u?Ax2,)
51207 | Ax2, '

where 12 is the usual scale of dimensional regularization, x> = 167hG/c? is the
loop-counting parameter of quantum gravity and the four Schwinger-Keldysh length

functions are,

A2 (x;x') = 7| C2(|t t |—/e> : (5-12)
Ax? (x;x) = g’ Cz(t t +/e> , (5-13)
AP, (x;x) = z—x| C2<t t’—/e) , (5-14)
AP (x;X) = s—x| - C2<|t—t,|—|—/€>2 : (5-15)

Although the divergent parts of (5—9) have been subtracted off [61], it should be noted
that they agree exactly with those originally found by 't Hooft and Veltman [9].

We can achieve a significant simplification by first extracting another d’Alembertian
from (5—-11),

ik20*

T (x) = (1) (&) g

[m%,ﬁmﬁi) —2In(120x3,)] (5-16)

Now define the position and temporal separations, and the associated invariant

length-squared,

Ar=|X=x| . At=t—t . Ax®=Ar?— At (5-17)
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The ++ and ;- logarithms can be expanded in terms of their real and imaginary parts,

In(p?Ax?) = In(u?|AX?|) + im O(—Ax?) (5-18)

In(p?Ax?) = In(p?|Ax?|) — imsgn(At)8(—Ax?) . (5-19)

The .+ and .- logarithms agree for spacelike separation (Ax? > 0), and for t’ > t,
whereas they are complex conjugates of one another for x’* = (ct’, x') in the past
light-cone of x* = (ct, X). Hence the sum of ¥, (x; x’) and ¥, _(x; x’) is both causal and
real,

K20

o Oax) + 2 (X)) =~

O(cAt—Ar) [m(—p?Ax?)—l] . (5—20)

Let us assume that the state is released in free vacuum at time t = 0. Ouir final
result for the linearized, one loop effective field equations is,

o 2Duupaa4 y
D By (8, %) = o355 /dct /d X' 0(cAt—Ar)
87TGM

X [|n(—u2Ax2)—1} hoo (£, X) = S8t 3 (%) | (5-21)

Recall that 2 = 167hG/c® is the loop counting parameter of quantum gravity, the
Lichnerowitz operator D***? was given in (3—35) and the 4th order differential operator
D#vre was given in (5—10).
5.2.2 Solving the Equation Perturbatively

There is no point in trying to solve equation (5—21) exactly because it only includes
the one loop graviton self-energy. A better approach is to seek a perturbative solution in

powers of the loop counting parameter «2,

B (t, %) = Zﬁ;%h(f) (t, %) (5-22)
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Of course the ¢ = 0 term obeys the linearized Einstein equation whose solution in

Schwarzschild coordinates is,

8 GM 2GM h(o) 2GM AI?

LU S3 (0) _
o RS(R) = b == Y =

Do O (1, %) = (5-23)

The one loop correction h(.) obeys the equation,

D,uzxpaa4

DI g (8,%) = 1024073

/dt/d3x’0 (At—Ar) [In(—2Ax?) =1 hD(', X)) . (5-24)

Finding the two loop correction hfj) would require the two loop self-energy, which we do
not have, so h(}) is as high as we can go.
5.2.3 Correction to Dynamical Gravitons in Flat Space

The one loop contribution to the graviton self-energy from MMC scalars in a flat
background was first computed by ‘t Hooft and Veltman in 1974 [9]. When renormalized
and expressed in position space using the Schwinger-Keldysh formalism the result takes

the form [61], (this result was reviewed in section 4.2)
1
[Wzggt} (x: x') = M MP7 Fo(AX2) + [n“@n@"—gnwnpa] Fo(AX?) . (5-25)

Here M = 919” — n*9? and the two structure functions are,

ik2 92 [In(u2Ax2)  In(u2Ax2)]

2 _ i ++/ +— _
Folbx) = (47)* 9 Ax2, Ax? ' (5-26)
2 a2 272 2A 42 |
5 ik? 0% | In(u?Ax?)  In(p*Ax?)
_ v =+ —27
RAC) = iee | A A2 (5-27)
The two coordinate intervals are,
S102 N2
Ax? = ||[X—x|| — <|XO—X’0|—/<—:) , (5-28)
12 2
Ax? = ‘)?—x’ — (XO—X’O-l-/'e) . (5—-29)

Of course this same form follows from taking the flat space limit of the de Sitter result

summarized in the previous section.
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In flat space, the mode function for a plane wave graviton with wave vector « is,

hflat(x) EPU(E)\/% efikxo—i-i/?-)? - (5-30)

The one loop correction to this (from MMC scalars) is sourced by,

(Source) "ix) = / dx*x [wzg;} (x; XY A (x') (5-31)

It might seem natural to extract the various derivatives with respect to x* from the

integration, for example,
/ d*x' TP Fo(Ax?) x hpat(x')

2 2
i, 7 A /d4x’

_ In(p?Ax2,)  In(u*Ax2.)
a (4m)* 9

. hflat —32
Ax?. Ax? (x) - (5-32)

That would reduce the source (5-31) to a tedious set of integrations, followed by some
equally tedious differentiations.

The point of this sub-section is that a more efficient strategy is to first convert all the
x* derivatives to x'* derivatives — which can be done because they act on functions of
Ax?. Then ignore surface terms and partially integrate the x’# derivatives to act upon

hhat(x"). For example, doing this for the spin zero contribution (5-32) gives,
/ d*x' 1177 Fo(Ax?) x hI3E(xX')

IRQ 4 1 |n(M2AX+2+) |n(:u2AX+2—) 8/2 tuv po flat e 7
o /dx o~ T GG (689

Because the graviton mode function is both transverse and traceless, we have

77 hfet(x’) = 0. The spin two contribution is only a little more complicated,
/ d*x' [meeno ;HWHPU} Fa(AX) x B (x')
— I.KZQ /d4X/ |n(1u2AXE+) In ( 2AX )
(4m)*

Ax?, Ax?.
This also vanishes because 973" (x") = 0.

héfa"t( X' (5-34)
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In expressions (5—-33) and (5—-34) we have employed a rightarrow, rather than an
equals sign, because the surface terms produce by partial integration were ignored.
There are no surface terms at spatial infinity in the Schwinger-Keldysh formalism
because the ++ and +— terms cancel for spacelike separation. The ++ and +—
contributions also cancel when x© > x°, so there are no future surface terms. However,
there are nonzero contributions from the initial value surface.! We assume that all such
contributions are absorbed into perturbative corrections to the initial state, such as has
recently been worked out for a MMC scalar with quartic self-interaction [102].

5.2.4 The One Loop Source Term

In this subsection we evaluate the right hand side of equation(5-24), which sources
the one loop correction h(})(t, X). This is done in three steps: we first perform the
integral, then act the 9%, and finally act the D#»7,

From the form of the tree order potentials (5-23) it is apparent that we need two

integrals. The first comes from A'Y,

1

X'

/tdt’/d3x’0(At—Ar) In(—2Ax?)—1] x —— = F(t. 1) . (5-35)
0

The second integral derives from the other nonzero potential h,g-o). lts trace part is
obviously the same as F(t, r), and we shall call its traceless part G(t, r),

il

L 3 272 rr
dt' [d3x 9(At—Ar) [m(—u Ax )—1} x !
0 x|
1r.. 171 . -
- y__plp _ Uy __ a5 _
_2[5 rr}F(t,r) 2[(5 3rr}G(t,r), (5—-36)
1 . 1r . 1
_ L - i _ s _ = _
= SOF(t)+ 2{3” 5 ] [G(t, n-3F(t, r)] . (5-37)

! For a two loop example, see [101].
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The integrals are tedious but straightforward and give the following results for F(t, r) and

the combination G(t,r) — $F(t,r),

ar [ 25 , 11 11 1
F(t, r)= TW{% |n(2ur)—ﬁr4+1—8r3ct—1—8m3f3 + [E(Ct+r)4

—é(r+ct)3] In[,u(ct—l—r)} . [i(ct—r)ué(a—r)ﬂ |n[u(ct—r)} } (5-38)

12
Gt ) F(;, r) _ 4%{_%4 In(2ur)+%f4—%r3€t—%fc3t3+24€—j
2 20 Dt
+[(Ci5—rg)6 %(Ct_r)5+%(ct—r)4+§r(a“—f)3} In[u(ct—f)]}- (5-39)

The next step is acting the two d’Alembertians. This purges all the time dependent

terms,
OF(t,r) = T x ain(2pr) . (5-40)
84{%5UF(L‘, r+ % 377 - o' G, r)—%F(t. 2l }
- 4;{25 in(2ur) + [377 57 [ 3 n(2ur)~2] } S (5-41)

At this stage the linearized, one loop effective field equations (5-21) take the form,

GM

vpo (1) 2\ —
Dy (8.X) = g0

o

DH P (X) (5-42)

where the nonzero components of the tensor £,,(X) are,

o 4
foo(X) = P In(2ur) (5-43)
S - 4In(2ur) i a1 T4In(2ur) 2
g — s T i _si| |2 _Z -
fi(X) 07 X 3 r + [3r r=o ] [3 r rl’ (5-44)
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It remains only to act the operator D***? on f,,(X). The first two derivatives give,

. 4 o [4In(2pr) —4]
0707y = R Oy = e (5-45)
g — i) 2
02foo=—i3 | aQﬁj:5U[8|n(2u£) 12] [24In(2/ir) 32 (5-48)
r r r
14 1In(2 —4 i 121In(2 1
00,0 = 0rfy , 00, = oy LI gy, (120G~ o (5-47)

r3 r3
The source term can then be expressed in terms of two more derivatives of the
quantities g,,,(x) = V?f£,,(X) and g(X) = 9,0;f;(X),

GM

prah(l)(t X) = 128072 ¢?

4 1 2
{—nVig+ 20007 g+ SV2g — 20,0097 | . (5-48)

The final reduction employs the identities,

24 60 ,

2 _ [ -~
Vg = o 0,09 = ——5J 5 Y (5-49)
24 ) 48 i, 120y
V2900 = — 5 Vigy = —— 0"+ 5 re, (5-50)
12 60 ~i~
Okgjk = s 7o 0i0kg = —— 5“ s . (5-51)
The nontrivial components of the effective field equations are,
GM 1
00p0 (1) v _ —
j GM 367 57
fpop(D(+ 2y — 7 v _
DIHD(LR) = =5 x { -5 +25 ) (5-53)

5.2.5 The One Loop Potentials
We wish to express the one loop potentials in Schwarzschild coordinates so their

nonzero components take the form,

WPR) =a(r) WD (%) = P b(r) . (5-54)
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Acting the Lichnerowitz operator (3—35) on these gives,

b’ b
00po (1) _ =2 -
DO hD = —+ 5,
pivepm _ gif_ 2 _d ﬂl] Sipi [a_” _Z
re 2 2r  2r 2 2r

Comparing (5-55) with (5-52) implies,

GM 1

b(r) = Teomez X 73

Substituting this in (5-56) and comparing with (5-53) implies,

GM " 1
160m2c? = r3

a(r) =

(5-55)
25; — r—t;] (5-56)
(5-57)
(5-58)

Combining the classical and quantum corrections gives the following total results for the

potentials,
L 2GM hG i
hoo(%) = =5 {”W+O<F>}' (5-59)
2GM hG N e
() — _ O\ Wiy _
) = = {1 o +O<r4>}rr . (5-60)

Expression (5-59) agrees with equation (3.9) of Hamber and Liu [20], and also with

equation (32) of [90]. When transformed to de Donder gauge our results (5-59)-(5—-60)

give the same trace obtained in equation (59) by Dalvit and Mazzitelli [91].
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CHAPTER 6
QUANTUM CORRECTIONS TO DYNAMICAL GRAVITONS

6.1 The Effective Field Equations

The purpose of this section is to present the effective field equation which we solve
in the next section. We begin by reviewing some useful facts about the background
geometry. We then give our recently derived result for the one loop MMC scalar
contribution to the graviton self-energy [98]. The section closes with a discussion of
the Schwinger-Keldysh effective field equations and how one solves them perturbatively.
6.1.1 The Schwinger-Keldysh Effective Field Equations

Because the graviton self-energy is the 1PI graviton 2-point function, it gives the

quantum correction to the linearized Einstein equation,
VEGD () — [t (R (X)) = SRVGTE) . (6-1)
Here D s the Lichnerowicz operator, (3—35) specialized to de Sitter background

PHVPT — D(pga)(u DY) — % [gpo DH*DY + g D? D"]

1 1
+5 [9“”9”“—9“@9"’”} D?+(D-1) bg"”g”"—g“(”g"” H> (6-2)

and D* is the covariant derivative operator in the background geometry. The point of the
Schwinger-Keldysh formalism is explained in Sec 5.1. Here we give the expression for
the de Sitter case. At the one loop order we are working [**¥L*7],.(x; x") agrees exactly
with the in-out result given in the previous sub-section. To get [*X*7],_(x; x’), at this
order, one simply adds a minus sign and replaces the de Sitter length function y(x; x’)

everywhere with,
y(ix') — . (x;x') = H2a(n)a(y) | [IX=X||> — (n—n'+ie)?| . (6-3)

It will be seen that the ++ and +— self-energies cancel unless the point x"* is on or

inside the past light-cone of x#. That makes the effective field equation (6—1) causal.
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When x’* is on or inside the past light-cone of x* the +— self-energy is the complex
conjugate of the ++ one, which makes the effective field equation (6—1) real. This also
effects a great simplification in the structure functions because only those terms with

branch cuts in y can make nonzero contributions, for example,
In(y,.) = In(y,) = 278 (n—1f — 8=} (6-4)

6.1.2 Perturbative Solution
Because we only know the self-energy at one loop order, all we can do is to solve

(6—1) perturbatively by expanding the graviton field and the self-energy in powers of x2,
hw(x) = KO (x) + K2h) (x) + O(K*) . (6-5)

Of course hfﬁ) (x) obeys the classical, linearized Einstein equation. Given this solution,

the corresponding one loop correction is defined by the equation,
VI D) = [d [ER (D0 (6-6)
The classical solution for a dynamical graviton of wave vector K is [70],
B9 (x) = (K u(y, k)~ (6-7)

where the tree order mode function is,

)= i o ] =

and the polarization tensor obeys all the same relations as in flat space,

0=¢€q = kicj =€ and eje; =1. (6-9)

y

6.2 Computing the One Loop Source
The point of this section is to evaluate the one loop source term on the right hand

side of equation (6—6) for a dynamical graviton (6—7)-(6—9). We begin by drawing
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inspiration from what happens in the flat space limit. Our de Sitter analysis commences
by partially integrating the projectors. This results in considerable simplification but the
plethora of indices is still problematic. To effect further simplification we extract and
partially integrate another d’Alembertian, whereupon the x* projector can be acted on
the residual structure function to eliminate four contractions. At this point we digress to
derive some important identities concerning covariant derivatives of the Weyl tensor.
The final reduction reveals zero net result.

6.2.1 Partial Integration

We now start to evaluate the one loop source term (6—6) for a dynamical graviton,
/d4x’ [’“’Zpa] (x; x’)h(?,)(x’)
= i[4Sl PP () 900 P () Fo b ()
+21 [ d*X'/=g(x) P15 () V=g (') Py, (x {TMT“TWTMf}h,g?(X’). (6-10)

In this expression and henceforth we simply write “F,” and “F,” to stand for the full

Schwinger-Keldysh expressions,
Fo = Fo(yer) — Foly.) , Fo = Fo(yes) — Falyio) - (6-11)

The integral (6—10) can be simplified in two steps. First, the projectors P*(x) and
Plss(x), which act on a function of x*, can be pulled outside the integration over
x'*. Second, the projectors P7?(x’) and PL3,,(x’), which act on x™, can be partially
integrated to act on the graviton wave function hg?,) (x"). After these two steps, the

integral (6—10) becomes,

/d4x’ [“”Zp"] (x: X )R (')
= VGG P () [axy/900) Fo PR ()
2in/=9(x) Pl (x /d“x’\/—g(x’) TorTAT T F, {P,§§9¢(x’)h§?,) (x’)}. (6-12)
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Note that the spin zero term drops out due to the tranversality and tracelessness of

the dynamical graviton, h(%):
Prop) — {DPD" . [DQ + (D—1)H2} gﬂff}hgj) ~0. (6-13)
Thus we only have the spin two term, which gives the linearized Weyl tensor,
P (X VB (X') = 6 Coros(X) . (6—14)
The one loop source term then reduces to the integral,

/d4x’ [’“’Z”"] (x; X )R (')
= 207/ 900 P 4(x) / XN —gO0) T TAT T Fod Corgo () . (6=15)

6.2.2 Extracting Another d’Alembertian

A challenge to evaluating expression (6—15) is the complicated tensor structure of
the external projector P/ ;(x) acting on the internal factors of 7% - .. F,. Recall from
the flat space limit that all of this was converted to derivatives with respect to x’** and
then partiall integrated onto the graviton wave function to give zero. To follow this on
de Sitter we must make the structure function more convergent by extracting a factor
of O’ and then partially integrating it onto the graviton wave function. After this the
external projector can be acted, which eliminates four indices, and a final further partial
integration can be performed.

The first step is extracting the extra d’Alembertian,

o -
Fo= m./_"z . (6_1 6)
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We next commute the O’ through the factor of To<T A T0T¢;

Taﬁfrmfpofrw (S; ) {T““T”T’V"T‘S‘f’ ]:]
J—“’{ O O oo .. | qosginge 9V O }
Do X! Dx; OX,
_ﬁ fz{gaﬁgy gyl T 4 avaay gy/ TN
4god gy Sy/ T 4 go gy gy/ a6
+g% (,fy gy, ToRg0 4 75? gy, 7’“7’”} (6-17)

Exploiting the tracelessness of the Weyl tensor on any two indices, and its antisymmetry

on the first two and last two indices, gives,

m
Pl STTP ’\7-’797-5‘1) .7:25 Cerop = {szaHTB AT’YGTM} 0 Cirog

aﬂvé H?2

4 ~ Oy 0Oy

_ ngyd {4f2TanT5AT79T5¢ _f/ a I / T/B)‘T'YHTM) } §Cn/\0¢> (6—1 8)

For the first term of (6—18) we can partially integrate the O’ onto the linearized Weyl

tensor. Then the one loop source term becomes
/d4x’ [WZ”"] (x; X’)hé?,) (x))
2iv/—g(x) Phy 5(x / d*x'\/—g {TQKTWTWTM}}—(SCM%( )

4 ~ Oy Oy

{4? TorToATOTe — 25 2 ox. O ,TBATWTM}SCHAQA )} . (6-19)

This sets the stage for acting the outer projector.
6.2.3 Derivatives of the Weyl Tensor

At this point it is useful to make a short digression on the covariant derivatives
of the Weyl tensor. In this sub-section we use g,,, for the full metric, not the de Sitter

background. All curvatures are similarly for the full metric.
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The Bianchi identity tells us,
DcRugys + DyRagse + DsRupey = 0 . (6—20)
If the stress-energy vanishes, all solutions to the Einstein equation obey,
Ry — %gm,R = —3H2gﬂ,, == Ry = 3H29W . (6-21)
In D = 3 4 1 the Weyl tensor can be expressed in terms of the other curvatures as,

1 1
Coaﬂvé = Roaﬁvd - 5 <ga'yRB(5 - g’yBR(Sa + gﬁ& Roz'y — Gsa R’y,B) + 6 (gowgﬁ(S - gaéQﬁ’y) R. (6_22)

Now note that the covariant derivative of the metric vanishes. Substituting (6—21) in
(6—22) implies,
D. Caﬂfy& = DeRaﬁyé . (6—23)

Combining this relation into (6—20) gives,
De Cozﬁwé + D'y Caﬁée + D6 Caﬁe’y =0. (6_24)

Ouir first key identity derives from contracting « into ¢, and exploiting the tracelessness of
the Weyl tensor,

D*Copys = 0. (6—25)
Our second identity derives from contracting D¢ into relation (6—24), commuting

derivatives and then using relation (6—25),

OCapys = —DpD, Caﬁap + D,D;s Caﬁ’yp v (6-26)
= 6H2 Ca/g,yg — Rpavacpﬁda + Rp,yfgacpdaa

—R%s " Goavo + Rlsa " Covpo — Rp(;s Cappo - (6-27)

Relations (6—25) and (6—27) hold, to all orders in the graviton field, for any solution

to the source-free Einstein equations. Taking the first order in the graviton field amounts
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to just replacing the full Weyl tensor by the linearized Weyl ¢ C,5.,s we have been using,
replacing the full covariant derivative operators by the covariant derivatives in de Sitter
background and replacing the full Riemann tensor by its de Sitter limit. When these

things are done the two identities become,

D*6Coprs = 0+ O(H), (6-28)

O0Cagys = 6H?6Capos + O(H?) | (6-29)

Note also that if the stress-energy had been nonzero the right hand sides of relations
(6—28) and (6—29) would have contained simple combinations of derivatives of the stress
tensor.

6.2.4 The Final Reduction

We are now ready to act the outer projector on the remaining terms,
/d4x’ [WZ""} (x; x’)hgg) (x") = 2iv/—g(x) /d4x’\/—g(x’) § Cango(X')

{ Ly (%) {1057%7”7797‘% 27 gy gy, Tﬂ*ﬁ@’r&ﬁ]} (6-30)

The second line of this expression is quite complicated by itself, but it is greatly

simplified when contracted into the linearized Weyl tensor,

5 Corag (XY P () [10@7%7”%%“ iﬁ (ij gy, Tﬂ*TWT‘ﬂ
_ N Y O g 0y 0 augo
—(SCN,\egz)(X){8 8/7- T f()+8 8’T T f(y)
il ay il 3y LT () (6-31)
Ix, 0 Oxy 0 ¢
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Here the functions f;(y) are,

fi = —125F,+115(2—y) F'a— (68 — 116y + 20y>) F'a—2(2—y)(4y —y?) F,

75 ~ 69 o~ - _
f,= ——fz —(2—y).7-"’2—(28 — 44y + 11y ) F'o—(2—y)(4y —y?) F'",

85 ~ 15 P
fg,:——f2+ 5 (2—}/)./—'7

fo=—5F>—13(2—y)F 2——(4y y2)F", (6-32)

Changing the dummy indices in (6—31) gives,

/ v T Tak 4 —~ ay 8y
6 Corgp (X' ) Phgys(x) [10FT TP TAOTOS _ m]—“/ I Ox ,7—5/\7—797—5¢
dy 0 ,
ai’/ a))(/ TNETV2E ()5 Corg(X) - (6-33)
0

Here the function f(y) is,
~ e 31 .~ _
f(y)=—50F>+60(2—y)F'>»—(40 — 62y + Tyz)f”z—(2—y)(4y—y2)f’”2 . (6-34)

The final reduction is accomplished by one more partial integration. Let us define

the integral /[f] of a function f(y) by the relations,

ol[f]
By = =f(y). (6-39)
Then the one loop source becomes,
/d4X/ [Myzpai| (X, X/)h(O)(X/)
d*x' 9(<) > TWT"W(SC oo (X) (6—36)

—2/'\/—g(x) d4x’\/—g(x’)/[f] { WTA(HTVW(S CHAgd,(X/)
K 6

DTeT)e 9y

DXI/Q Ox /5CH>\9¢>( /)

o ,T““T”WD”(S Crroo (X' )} (6-37)
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The first and second terms include the metric,

%gxé — (2 — ) (), —DT;(iZV)¢ N %%T @G (X) (6-38)
so they give zero when contracted into the linearized Weyl tensor. The third term
vanishes by the transversality of the linearized Weyl tensor (for dynamical gravitons
only) which we showed in (6—25). Hence the one loop source term for a dynamical

graviton is zero:
/ d*x’ [sz} (x; XY (x) = 0. (6-39)

Before concluding we should comment on the validity of our result (6—39), in view
of the enormous difference between de Sitter and the actual expansion history of the
universe. Of course equation (6—1) is correct for any geometry, but we only know the
graviton self-energy for de Sitter background. This does not make any difference for

cosmologically observable tensor perturbations for two reasons:

e As explained section 1.1, de Sitter is an excellent approximation to primordial
inflation up until cosmologically observable perturbations experience first horizon
crossing. After this time the de Sitter approximation breaks down, but those
perturbations are almost constant.

e Our result (6—15) is valid for any geometry, and the linearized Weyl tensor vanishes
for constant perturbations. So there is no contribtuion from the portion of the
integration which derives from times after the end of inflation.

To see the second point, note that general coordinate invariance requires matter
contributions to the graviton self-energy to take the form (4-51), provided one uses
expressions (4—12)-(4—13) to define the projectors for a general metric, and provided
the general form of expression (4-52) is related to the geodetic length function through

(2—14). That form is all we required to derive equation (6—15).
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CHAPTER 7
CONCLUSION

We have computed the one loop contribution to the graviton self-energy from
a massless, minimally coupled scalar on a locally de Sitter background. We used
it to solve the one loop-corrected, linearized Einstein field equations to study the
effect of inflationary scalars on dynamical gravitons. The computation was done using
dimensional regularization and renormalized by absorbing the divergences with BPHZ
counterterms.

The graviton self-energy has been given in two forms. The first form (3—11) is
fully dimensionally regulated, with the ultraviolate divergences neither localized nor
subtracted off with counterterms. This version of the result agrees with the stress tensor
correlator recently computed by Perez-Nadal, Roura and Verdaguer [99]. Our second

form is fully renormalized, with the unregulated limit taken,

=i (6 x) = V/=G00 P )V =500 P () | Fia(y)|
+2/=G0) Pl s 0OV =GOV P L O [T TAT T Far(y)]| . (7-1)

In this expression the spin zero operator P** was defined in (4—14), the spin two
operator P/;_s was defined in (4-15), and the bitensor 7°* was given in (4-52). Our
results for the renormalized spin zero and spin two structure functions are expressions
(4—139) and (4—163), respectively.

An interesting application of this work is the transverse-traceless projector (4—15),
which played a crucial role in the recent solution for the graviton propagator in de
Donder gauge [103, 104]. It should be noted that equations (4—139) and (4—163) are the
first (and so far only) fully renormalized results for the graviton structure functions on de
Sitter background. All previous results [86, 99] have been specialized to non-covincident

points, and so cannot be used in the effective field equations.
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Our second form (7—1) is manifestly transverse, as required by gauge invariance.
It is also de Sitter invariant, despite the fact that the massless, minimally coupled
scalar propagator breaks de Sitter invariance [62], because the de Sitter breaking term
drops out of mixed second derivatives (2—32). Our result agrees with the flat space
limit [61]. And the divergent parts of the counterterms we used to subtract off the
divergences agree with those found long ago by ‘t Hooft and Veltman [9]. We actually
included finite renormalizations of Newton’s constant and of the cosmological constant.
Such renormalizations are presumably necessary when considering the effective
field equations of quantum gravity if the parameters A and G are to have their correct
physical meanings.

The point of this exercise is to discover whether or not the inflationary production of
scalars has a significant effect on gravitational radiation and the force of gravity. In order

to check this we have employed the quantum-corrected linearized Einstein equation,

VD () = [d [T | (i) = SV G T, (72)

where D7 is the Lichnerowicz operator (3—35) specialized to de Sitter background.
Because we only know the self-energy at order 2, all we can do is to solve (6-1)

perturbatively by expanding the graviton field and the self-energy in powers of x2,

hw(x) = B (x)+ K2h0)(x) + O(k*) (7-3)
rim | Oax) = k| (x) 4+ O (7-4)

Of course hffy) (x) obeys the classical, linearized Einstein equation. Given this solution,

the corresponding one loop correction is defined by the equation,

—g(x) D**7h()(x) = / d*x’ [Wzﬂ (x; X YhD (') . (7-5)
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For a dynamical graviton of wave vector k, the classical Oth order solution takes the
form [70],
WO (x) = e, (k)a2u(n, k)e' (7-6)

where the tree order mode function is,

u(n, k) = \/% [1 — Il_/—/;] exp [Il_/—l;] , (7-7)

and the polarization tensor obeys all the same relations as in flat space,
0=¢eo, = kicj =¢; and eje;=1. (7-8)

Our result is that the inflationary production of MMC scalars has no effect on
dynamical gravitons at one loop order. There is nothing very surprising about this result.
It is exactly what happens in flat space [9] and we have reviewed it in Section 5.2.3.
Although the scalar contribution to the graviton self-energy is enormously more complex
in de Sitter than in flat space, we showed in section 6.2 that all of this complexity can
be absorbed into surface integrations at the initial time. It is plausible that these surface
integrations can be regarded as perturbative redefinitions of the initial state which
involve two scalars and one graviton. The null effect of flat space certainly has this
interpretation, which implies the same for the highest derivative part of the de Sitter
result. What has yet to be proved — and so must be labeled a conjecture — is that the
lower derivative, intrinsically de Sitter parts have the same interpretation. Checking this
requires a computation like that recently completed for the self-interacting scalar [7].

Another way of understanding this result is to consider the number of the MMC
scalars. The one loop corrections we seek to compute represent the response (of either
dynamical gravitons or the force of gravity) to the vast ensemble of infrared scalars

which are produced by inflation. It is simple to show that the occupation number for each
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mode with wave number k grows like [49] (as reviewed in the introduction section 1.2.3),

Nk, 1) = (H;—i”)) (7-9)

This growth is balanced by expansion of the 3-volume so that the number density of

infrared particles with 0 < k < Ha remains fixed,

() = [ (=N 1) = (7-10)

The constant density of virtual scalars has no effect at all on dynamical gravitons (after
field strength renormalization) [9].

This is the math behind our result; the physics is that ultraviolet virtual scalars affect
gravitons the same as in flat space, and infrared scalars carry too little stress-energy to
have much effect. The effect of ultraviolet scalars is limited, as on flat space, to inducing
higher derivative counterterms. Although primordial inflation produces many scalars,
they are all highly infrared so they interact only weakly with gravtions. This seems
to be why inflationary gravitons have no significant effect on MMC scalars [96]. One
might worry that a very infrared graviton would still suffer some effect from absorbing a
comparably infrared scalar. To understand why this is not so, let us model the process
by simply replacing the graviton’s co-moving wave number k with a new one K/,

2 12

2(0) u(t, k) — u(t, k) +3Hu(t, k) + 200

The effect on the mode function is negligible after both 1/a? terms have redshifted into

0=u(t k)+3Hu(t, k) +

u(t k). (7-11)

insignificance.
One last project which remained to be completed is to investigate how inflationary
scalars affect the force of gravity. That can be done by solving (6—6) to correct for the

linearized response to a stationary point mass M [71],

2G/\/I
AR

2GM
WP (x) =0, hP(x) = a* x ﬁ X 0 . (7-12)

h(x) =
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The same reduction procedures we laid out in section 6.2 can be applied in this case

except that:

e The spin zero projector P*?(x’) does not annihilate (7—12); and

e The linearized stress tensor does not vanish.
The computation has been reduced to a single integration which | will complete soon.

It should be noted that the virtual scalars of flat space do induce a correction to the
classical potential [43, 44] which is reviewed in section 5.2.5, and we expect one as well
on de Sitter background. On dimensional grounds the flat space result must (and does)
take the form,

GM
Dot = —T{l + constant x r—i + O(Gz)} . (7-13)

On de Sitter background there is a dimensionally consistent alternative provided by the

Hubble constant H and by the secular growth driven by continuous particle production,

bys = —G—Z\/I{l + constant x GH?In(a) + O(G2)} : (7-14)

If such a correction were to occur its natural interpretation would be as a time dependent
renormalization of the Newton constant. The physical origin of the effect (if it is present)
would be that virtual infrared quanta which emerge near the source tend to collapse to it,
leading to a progressive increase in the source.

Both math and physics suggest that inflationary gravitons might do something
interesting to other gravitons. The graviton contribution to the graviton self-energy has
been derived at one loop order [60] so the computation can be made. Of course one
can reduce the effect to a temporal surface term, as we did in section 6.2, but it seems
likely that this surface term will depend upon the observation time n so that it cannot
be absorbed into a perturbative correction to the initial state. The reason for this is that
the graviton contribution contains de Sitter-breaking, infrared logarithms [60], unlike the
scalar contribution. The physical principle involved would be that gravitons possess spin

and even very infrared gravitons continue to interact via the spin-spin coupling which
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doesn’t exist for scalars. This is presumably why inflationary gravitons induce a secular
enhancement of the field strength of massless fermions [97].

Final comment concerns the possible comparison with cosmological data. One
consequence of our computation would be on the tensor component of the anisotropies
in the CMB (Cosmic Microwave Background radiation). This has not been resolved yet
but high precision measurements of the so-called B-modes of the CMB polarization, for
example from the Planck satellite, may allow us to probe it[106, 107]. There are also
three NASA-funded balloon probes set to go up over the course of the next year[108].
None of these measurements would be sensitive to the one loop corrections | am
computing, but they are first steps. On the very long — several decades — term, there
is enough data to resolve one loop corrections from very early proto-structures[109].
The observable is the tensor power spectrum, which is k*/272 times the spatial Fourier
transform of < Q[h]7(t,0)h]7 (t,X)|Q2 >. My result is that a single scalar loop does not
give any correction to the graviton mode functions. However as we have discussed in
the previous paragraph, it seems likely that the one loop effects from gravitons might be

significant because gravitons can interact through their spins, which do not redshift.

95



REFERENCES

[1] A. Linde, Particle Physics and Inflationary Cosmology (Harwood, Amsterdam,
1990)

[2] V. F. Mukhanov Physical Foundations of Cosmology (Cambridge University Press,
Cambridge, 2005)

[3] A. G. Riess et al., Astrophys. J. 730 (2011) 119, arXiv: 1103.2976.

[4] M. Hicken et al., Astrophys. J. 700 (2009) 1097, arXiv: 0901.4804.

[5] E. Komatsu et al., Astrophys. J. Suppl. 192 (2011) 18, arXiv: 1001.4538.
[6] R. Keisler et al., Astrophys. J. 743 (2011) 28, arXiv: 1105.3182.

[7] E. O. Kahya, V. K. Onemli and R. P. Woodard, Phys. Lett. B694 (2010) 101, arXiv:
1006.3999.

[8] L. P. Grishchuk, Sov. Phys. JETP 40 (1975) 409.
[9] G. 't Hooft and M. Veltman, Ann. Inst. Henri Poincaré XX (1974) 69.

[10] N. N. Bogoliubov and O. Parasiuk, Acta Math. 97 (1957) 227; K. Hepp, Commun.
Math. Phys. 2 (1966) 301; W. Zimmermann, Commun. Math. Phys. 11 (1968) 1;
15 (1969) 208.

[11] M. H. Goroff and A. Sagnotti, Phys. Lett. B160 (1985) 81-86; Nucl. Phys. B266
(1986) 709.

[12] A. E. M. van de Ven, Nucl. Phys. B378 (1992) 309.

[13] F. Bloch and H. Nordsieck, Phys. Rev. 52 (1937) 54.

[14] S. Weinberg, Phys. Rev. bf 140 (1965) B516.

[15] G. Feinberg and J. Sucher, Phys. Rev. 166 (1968) 1638.

[16] S. D. H. Hsu and P. Sikivie, Phys. Rev. D49 (1994) 4951, hep-ph/9211301.

[17] J. F. Donoghue, Phys. Rev. Lett. 72 (1994) 2996, gr-qc/9310024.

[18] J. F. Donoghue, Phys. Rev. D50 (1994) 3874, gr-qc/9405057.

[19] I. J. Muzinich and S. Vokos, Phys. Rev. D52 (1995) 3472, hep-th/95010883.

[20] H. Hamber and S. Liu, Phys. Lett. B357 (1995) 51, hep-th/9505182.

[21] A. Akhundov, S. Belucci and A. Shiekh, Phys. Lett. B395 (1998), gr-qc/9611018.

[22] 1. B. Kriplovich and G. G. Kirilin, J. Exp. Theor. Phys. 98 (2004) 1063,
gr-qc/0402018.

96



[23] 1. B. Kriplovich and G. G. Kirilin, J. Exp. Theor. Phys. 95 (2002) 981,
gr-qc/0207118.

[24] D. Espriu, T. Multamaki and E. C. Vagenas, Phys. Lett. B628 (2005) 197,
gr-qc/0503033.

[25] E. Komatsu et al., Astrophys. J. Suppl. 180 (2009) 330,
arXiv:0803.0547.

[26] Y. Wang and P. Mukherjee, Astrophys. J. 650 (2006) 1-6, astro-ph/0604051; U.
Alam, V. Sahni and A. A. Starobinsky, JCAP 0702 011, 2007, astro-ph/0612381.

[27] S. P. Miao, “The Fermion Self-Energy during Inflation, ” University of Florida PhD
Thesis 2007, hep-th/0705-0767.

[28] E. O. Kahya, “Quantum Gravitational Correction to Scalar Field Equations during
Inflation, ” University of Florida PhD Thesis 2008.

[29] S. P. Miao and R. P. Woodard, Class. Quant.Grav. 23 (2006) 1721, gr-qc/0511140;
Phys. Rev. D74 (2006) 024021, gr-qc/0603135.

[30] E. O. Kahya and R. P. Woodard, Phys. Rev. D76 (2007) 124005, arXiv:0709.0536;
Phys. Rev. D77 (2008) 084012, arXiv:0710.5282.

[31] S. P. Miao and R. P. Woodard, Class. Quant. Grav. 25 (2008) 145009,
arXiv:0803.2377.

[32] N. E. J. Bjerrum-Bohr, J. F. Donoghue and B. R. Holstein, Phys. Rev. D67 (2003)
084033, Erratum-ibid. D71 (2005) 069903, hep-th/0211072.

[33] J. Schwinger, J. Math. Phys. 2 (1961) 407.

[34] J. Schwinger, J. Math. Phys. 2 (1961) 407; K. T. Mahanthappa, Phys. Rev. 126
(1962) 329; P. M. Bakshi and K. T. Mahanthappa, J. Math. Phys. 4 (1963) 1; J.
Math. Phys. 4 (1963) 12; L. V. Keldysh, Sov. Phys. JETP 20 (1965) 1018; K. C.
Chou, Z. B. Su, B. L. Hao and L. Yu, Phys. Rept. 118 (1985) 1; R. D. Jordan, Phys.
Rev. D33 (1986) 444; E. Calzetta and B. L. Hu, Phys. Rev. D35 (1987) 495.

[35] K. T. Mahanthappa, Phys. Rev. 126 (1962) 329.

[36] P. M. Bakshi and K. T. Mahanthappa, J. Math. Phys. 4 (1963) 1; J. Math. Phys. 4
(1963) 12.

[37] L. V. Keldysh, Sov. Phys. JETP 20 (1965) 1018.

[38] K. C. Chou, Z. B. Su, B. L. Hao and L. Yu, Phys. Rept. 118 (1985) 1.
[39] R. D. Jordan, Phys. Rev. D33 (1986) 444.

[40] E. Calzetta and B. L. Hu, Phys. Rev. D35 (1987) 495.

97



[41]

[42]
[43]

[44]

[45]
[46]
[47]

[48]
[49]
[50]

[51]

V. K. Onemli and R. P. Woodard, Class. Quant. Grav. 19 (2002) 4607,
qc-gr/0204065; Phys. Rev. D70 (2004) 107301, gr-qc/0406098.

E. O. Kahya and R. P. Woodard, Phys. Rev. D72 (2005) 104001, gr-qc/0508015.

A. F. Radkowski, Ann. Phys. 56 (1970) 319; D. M. Capper, M. J. Duff and L.
Halperin, Phys. Rev. D10 (1974) 461; D. M. Capper and M. J. Duff, Nucl. Phys.
B82 (1974) 147; D. M. Capper, Nuovo Cimento A25 (1975) 29; M. J. Duff,

Phys. Rev. D9 (1974) 1837; H. Hamber and S. Liu, Phys. Lett. B357 (1995)

51, hep-th/9505182; M. J. Duff and J. T. Liu, Phys. Rev. Lett. 85 (2000) 2052,
hep-th/0003237; J. F. Donoghue, Phys. Rev. Lett. 72 (1994) 2996, gr-qc/9310024;
Phys. Rev. D50 (1994) 3874, gr-qc/9405057; |. J. Muzinich and S. Kokos,

Phys. Rev. D52 (1995) 3472, hep-th/9501083; A. Akhundov, S. Belucci and A.
Shiekh, Phys. Lett. B395 (1997) 16, gr-qc/9611018; I. B. Khriplovich and G.

G. Kirilin, J. Exp. Theor. Phys. 95 (2002) 981, gr-qc/0207118; J. Exp. Theor.
Phys. 98 (2004) 1063, gr-qc/0402018. N. E. J. Bjerrum-Bohr, J. F. Donoghue
and B. R. Holstein, Phys. Rev. D67 (2003) 084033, Erratum-ibid. D71 (2005)
069903, hep-th/0211072; N. E. J. Bjerrum-Bohr, Phys. Rev. D66 (2002) 084023,
hep-th/0206236; B. R. Holstein and A. Ross, “Spin Effects in Long Range
Gravitational Scattering,” arXiv:0802.0716; A. Campos and E. Verdaguer, Phys.
Rev. D49 (1994) 1861, gr-qc/9307027; F. C. Lombardo and F. D. Mazzitelli, Phys.
Rev. D55 (1997) 3889, gr-qc/9609073; R. Martin and E. Verdaguer, Phys. Rev.
D61 (2000) 124024, gr-qc/0001098; A. Satz, F. D. Mazzitelli and E. Alvarez, Phys.
Rev. D71 (2005) 064001, gr-qc/0411046; D. A. R. Dalvit and F. D. Mazzitelli,
Phys. Rev. D50 (1994) 1001, gr-qc/9402003; E. D. Carlson, P. R. Anderson, A.
Fabbri, S. Fagnocchi, W. H. Hirsch and S. Klyap, Phys. Rev. D82 (2010) 124070,
arXiv:1008.1433; A. Marunovic and T. Prokopec, arXiv:1101.5059.

Sohyun Park and R. P. Woodard, Class. Quant. Grav. 27 (2010) 245008,
ArXiv:1007.2662.

E. Schrédinger, Physica 6 (1939) 899.
T. Imamura, Phys. Rev. 118 (1960) 1430.

L. Parker, Phys. Rev. Lett. 21 (1968) 562; Phys. Rev. 183 (1969) 1057; Phys. Rev.
D3 (1971) 346.

L. H. Ford and L. Parker, Phys. Rev. D16 (1977) 1601.
T. Prokopec and R. P. Woodard, Am. J. Phys. 72 (2004) 60, astro-ph/0303358.

A. A. Starobinsky, JET Lett. 30 (1979) 682; V. F. Mukhanov and G. V. Chibisov,
JETP Lett. 33 (1981) 532.

E. Komatsu et al., Astrophys. J. Suppl. 192 (2011) 18, arXiv:1001.4538.

98



[52] T. Prokopec, O. Tornkvist and R. P. Woodard, Phys. Rev. Lett. 89 (2002) 101301,
astro-ph/0205331; Annals Phys. 303 (2003) 251, gr-qc/0205130; T. Prokopec and
R. P. Woodard, Annals Phys. 312 (2004) 1, gr-qc/0310056.

[53] H. Delgueldre and R. P. Woodard, “One Loop Field Strengths of Charges and
Dipoles on a Locally de Sitter Background,” UF preprint in preparation.

[54] E. O. Kahya and R. P. Woodard, Phys. Rev. D72 (2005) 104001, gr-qc/0508015;
Phys. Rev. D74 (2006) 084012, gr-qc/0608049.

[55] T. Prokopec and R. P. Woodard, JHEP 0310 (2003) 059, astro-ph/0309593; B.
Garbrecht and T. Prokopec, Phys. Rev. D73 (2006) 064036, gr-qc/0602011; S. P.
Miao and R. P. Woodard, Phys. Rev. D74 (2006) 044019, gr-qc/0602110.

[56] L. D. Duffy and R. P. Woodard, Phys. Rev. D72 (2005) 024023, hep-ph/0505156.

[57] T. Brunier, V. K. Onemli and R. P. Woodard, Class. Quant. Grav. 22 (2005) 59,
gr-qc/0408080; E. O. Kahya and V. K. Onemli, Phys. Rev. D76 (2007) 043512,
gr-qc/0612026.

[58] S. P. Miao and R. P. Woodard, Class. Quant. Grav. 23 (2006) 1721,
gr-qc/0511140; Phys. Rev. D74 (2006) 044019, gr-qc/0602110.

[59] E. O. Kahya and R. P. Woodard, Phys. Rev. D76 (2007) 124005,
arXiv:0709.0536DA; Phys. Rev. D77 (2008) 084012, arXiv:0710.5282.

[60] N. C. Tsamis and R. P. Woodard, Phys. Rev. D54 (1996) 2621, hep-ph/9602317.

[61] L. H. Ford and R. P. Woodard, Class.and Quant. Grav. 22 (2005) 1637,
gr-qc/0411003.

[62] B. Allen and A. Folacci, Phys. Rev. D35 (1987) 3771.
[63] B. Allen, Phys. Rev. D32 (1985) 3136.

[64] N. C. Tsamis and R. P. Woodard, Class. Quant. Grav. 11 (1994) 2969; J.
lliopoulos, T. N. Tomaras, N. C. Tsamis and R. P. Woodard, Nucl. Phys. B534
(1998) 419, gr-qc/9801028; T. M. Janssen, S. P. Miao, T. Prokopec and R. P.
Woodard, Class. Quant. Grav. 25 (2008) 245013, arXiv:0808.2449.

[65] S. P. Miao, N. C. Tsamis and R. P. Woodard, J. Math. Phys. 51 (2010) 072503,
arXiv:1002.4037.

[66] I. S. Gradshteyn and |. M. Ryzhik, Table of Integrals, Series and Products, 4th
Edition (Academic Press, New York, 1965).

[67] E. O Kahya, V. K. Onemli and R. P. Woodard, Phys. Rev. D81 (2010) 023508,
arxXiv:0904.4811.

[68] R. P. Woodard, Rep. Prog. Phys. 72 (2009) 126002, arXiv:0907.4238.

99



[69] J. F. Koksma and W. Westra, arXiv:1012.3473.

[70] N. C. Tsamis and R. P. Woodard, Phys. Lett. B292 (1992) 269.

[71] N. C. Tsamis and R. P. Woodard, Commun. Math. Phys. 162 (1994) 217.
[72] A. F. Radkowski, Ann. Phys. 56 (1970) 319.

[73] D. M. Capper, M. J. Duff and L. Halperin, Phys. Rev. D10 (1974) 461.
[74] D. M. Capper and M. J. Duff, Nucl. Phys. B84 (1974) 147.

[75] D. M. Capper, Nuovo Cimento A25 (1975) 29.

[76] M. J. Duff, Phys. Rev. D9 (1974) 1837.

[77] M. J. Duff and J. T. Liu, Phys. Rev. Lett. 85 (2000) 2052, hep-th/0003237.

[78] J. F. Donoghue, Phys. Rev. Lett. 72 (1994) 2996, gr-qc/9310024; Phys. Rev. D50
(1994) 3874, gr-qc/9405057.

[79] 1. J. Muzinich and S. Kokos, Phys. Rev. D52 (1995) 3472, hep-th/9501083.

[80] I. B. Khriplovich and G. G. Kirilin, J. Exp. Theor. Phys. 95 (2002) 981,
gr-qc/0207118; J. Exp. Theor. Phys. 98 (2004) 1063, gr-qc/0402018.

[81] J. Schwinger, Phys. Rev. 82 (1951) 914; Phys. Rev. 91 (1953) 713.
[82] E. Witten, “Quantum Gravity in de Sitter Spcae,” hep-th/0106109.
[83] A. Strominger, JHEP 0110 (2001) 034, hep-th/0106113.

[84] J. Schwinger, J. Math. Phys. 2 (1961) 407; K. T. Mahanthappa, Phys. Rev. 126
(1962) 329; P. M. Bakshi and K. T. Mahanthappa, J. Math. Phys. 4 (1963) 1; J.
Math. Phys. 4 (1963) 12; L. V. Keldysh, Sov. Phys. JETP 20 (1965) 1018.

[85] K. C. Chou, Z. B. Su, B. L. Hao and L. Yu, Phys. Rept. 118 (1985) 1; R. D. Jordan,
Phys. Rev. D33 (1986) 444; E. Calzetta and B. L. Hu, Phys. Rev. D35 (1987) 495.

[86] N. C. Tsamis and R. P. Woodard, Phys. Rev. D54 (1996) 2621, hep-ph/9602317.

[87] E. O. Kahya and R. P. Woodard, Phys. Rev. D72 (2005) 104001, gr-qc/0508015;
Phys. Rev. D74 (2006) 084012, gr-qc/0608049.

[88] L. D. Duffy and R. P. Woodard, Phys. Rev. D72 (2005) 024023, hep-ph/0505156.

[89] A. Campos and E. Verdaguer, Phys. Rev. D49 (1994) 1816, gr-qc/9307027; F. C.
Lombardo and F. D. Mazzitelli, Phys. Rev. D55 (1997) 3889, gr-qc/9609073; R.
Martin and E. Verdaguer, Phys. Rev. D61 (2000) 124024, gr-qc/0001098.

[90] A. Satz, F. D. Mazzitelli and E. Alvarez, Phys. Rev. D71 (2005) 064001,
gr-qc/0411046.

100



[91] D. A. R. Dalvit and F. D. Mazzitelli, Phys. Rev. D50 (1994) 1001, gr-qc/9402003.
[92] T. Prokopec and R. P. Woodard, Am. J. Phys. 72 (2004) 60, astro-ph/0303358.

[93] L. P. Grishchuck, Sov. Phys. JETP 40 (1975) 409; L. H. Ford and L. Parker, Phys.
Rev. D16 (1977) 1601.

[94] T. Prokopec, O. Tornkvist and R. P. Woodard, Phys. Rev. Lett. 89 (2002) 101301,
astro-ph/0205331; Annals Phys. 303 (2003) 251, gr-qc/0205130; T. Prokopec and
R. P. Woodard, Am. J. Phys. 72 (2004) 60, astro-ph/0303358; Annals Phys. 312
(2004) 1, gr-qc/0310056.

[95] T. Prokopec and R. P. Woodard, JHEP 0310 (2003) 059, astro-ph/0309593; B.
Garbrecht and T. Prokopec, Phys. Rev. D73 (2006) 064036, gr-qc/0602011; S. P.
Miao and R. P. Woodard, Phys. Rev. D74 (2006) 044019, gr-qc/0602110.

[96] E. O. Kahya and R. P. Woodard, Phys. Rev. D76 (2007) 124005, arXiv:0709.0536;
Phys. Rev. D77 (2008) 084012, arXiv:0710.5282.

[97] S. P. Miao and R. P. Woodard, Class. Quant. Grav. 23 (2006) 1721,
gr-qc/0511140; Phys. Rev. D74 (2006) 044019, gr-qc/0602110; Class. Quant.
Grav. 25 (2008) 145009, arXiv:0803.2377.

[98] S. Park and R. P. Woodard, Phys. Rev. D83 (2011) 084049, arXiv:1101.5804.

[99] G. Perez-Nadal, A. Roura and E. Verdaguer, JCAP 1005 (2010) 036,
arXiv:0911.4870.

[100] E. Witten, “Quantum gravity in de Sitter space,” in New Fields and Strings in
Subnuclear Physics: Proceedings of the International School of Subnuclear
Physics (Subnuclear Series, 39), ed. A Zichichi (World Scientific, Singapore,
2002), hep-th/0106109; A. Strominger, JHEP 0110 (2001) 034, hep-th/0106113.

[101] N. C. Tsamis and R. P. Woodard, Ann. Phys. 238 (1995) 1.

[102] E. O Kahya, V. K. Onemli and R. P. Woodard, Phys. Rev. D81 (2010) 023508,
arxXiv:0904.4811.

[103] S. P. Miao, N. C. Tsamis and R. P. Woodard, J. Math. Phys. 52 (2011) 122301,
arXiv:1106.0925.

[104] E. O. Kahya, S. P. Miao and R. P. Woodard, J. Math. Phys. 53 (2012) 022304,
arXiv:1112.4420.

[105] Sohyun Park and R. P. Woodard, Class. Quant. Grav. 27 (2010) 245008,
ArXiv:1007.2662.

[106] http://www.rssd.esa.int/index.php?project=Planck
[107] http://groups.physics.umn.edu/cosmology/ebex/index.html

101



[108] http://www.astro.caltech.edu/ Igg/spider/spiderfront.htm
[109] https://portfolio.du.edu/portfolio/getportfoliofile?uid=167700

[110] A. F. Radkowski, Ann. Phys. 56 (1970) 319; D. M. Capper, M. J. Duff and L.
Halperin, Phys. Rev. D10 (1974) 461; D. M. Capper and M. J. Duff, Nucl. Phys.
B82 (1974) 147; D. M. Capper, Nuovo Cimento A25 (1975) 29; M. J. Duff,

Phys. Rev. D9 (1974) 1837; H. Hamber and S. Liu, Phys. Lett. B357 (1995)

51, hep-th/9505182; M. J. Duff and J. T. Liu, Phys. Rev. Lett. 85 (2000) 2052,
hep-th/0003237; J. F. Donoghue, Phys. Rev. Lett. 72 (1994) 2996, gr-qc/9310024;
Phys. Rev. D50 (1994) 3874, gr-qc/9405057; |. J. Muzinich and S. Kokos,

Phys. Rev. D52 (1995) 3472, hep-th/9501083; A. Akhundov, S. Belucci and A.
Shiekh, Phys. Lett. B395 (1997) 16, gr-qc/9611018; |. B. Khriplovich and G.

G. Kirilin, J. Exp. Theor. Phys. 95 (2002) 981, gr-qc/0207118; J. Exp. Theor.
Phys. 98 (2004) 1063, gr-qc/0402018. N. E. J. Bjerrum-Bohr, J. F. Donoghue

and B. R. Holstein, Phys. Rev. D67 (2003) 084033, Erratum-ibid. D71 (2005)
069903, hep-th/0211072; N. E. J. Bjerrum-Bohr, Phys. Rev. D66 (2002) 084023,
hep-th/0206236; B. R. Holstein and A. Ross, “Spin Effects in Long Range
Gravitational Scattering,” arXiv:0802.0716; A. Campos and E. Verdaguer, Phys.
Rev. D49 (1994) 1861, gr-qc/9307027; F. C. Lombardo and F. D. Mazzitelli, Phys.
Rev. D55 (1997) 3889, gr-qc/9609073; R. Martin and E. Verdaguer, Phys. Rev.
D61 (2000) 124024, gr-qc/0001098; A. Satz, F. D. Mazzitelli and E. Alvarez, Phys.
Rev. D71 (2005) 064001, gr-qc/0411046; D. A. R. Dalvit and F. D. Mazzitelli,
Phys. Rev. D50 (1994) 1001, gr-qc/9402003; E. D. Carlson, P. R. Anderson, A.
Fabbri, S. Fagnocchi, W. H. Hirsch and S. Klyap, Phys. Rev. D82 (2010) 124070,
arXiv:1008.1433; A. Marunovic and T. Prokopec, Phys. Rev. D83 (2011) 104039,
arXiv:1101.5059.

102



BIOGRAPHICAL SKETCH

Sohyun Park came from South Korea. She earned her undergraduate degree in
mathematics at Pusan National University (PNU). In the last year of her undergraduate
study, she had a chance to participate in computational biology research which led her
to do her master’s in biology with thesis title,“Implementation of Cellular Automata for the
Spatio-Temporal Analysis of Population Dynamics and Diffusion Model of Pine Needle
Gall Midge.” It was a good experience from which she learned mathematical modeling
and computer simulation techniques. However, she found herself having more interest
in fundamental theory and she decided to study high energy physics. Thus she finally
switched to the department of physics at PNU and took another master’s degree in
physics with a thesis entitled, “A Study on the Snyder-Yang Discrete Space-time” under
the direction of Prof. Chang Gil Han. After completing her master’s, she had teaching
jobs in educational institutes and a technical college while planning to study abroad.

She came to the University of Florida in the Fall of 2007. In her first year, she took
the graduate core courses, Particle Physics and Quantum Field Theory. In her second
and third year, she took General Relativity, Standard Model and a Special Topics course
on Dark Matter. In the Fall of 2009, she started her doctoral research on quantum field
theory in curved space under the direction of Prof. Richard Woodard which led to this
dissertation. In Fall 2011, she won a Fermi National Accelerator Laboratory (Fermilab)
Fellowship to spend her last year of graduate study doing research under the direction
of Dr. Scott Dodelson at Fermilab. Her winning proposal was to work out structure
formation in a new type of modified gravity theories which have been suggested to
explain the current phase of cosmological acceleration. Sohyun received her Ph.D. in

the Summer of 2012.

103



	ACKNOWLEDGMENTS
	TABLE OF CONTENTS
	LIST OF TABLES
	LIST OF FIGURES
	ABSTRACT
	1 INTRODUCTION
	1.1 Inflation
	1.2 Understanding Quantum Effects
	1.2.1 Uncertainty Principle during Inflation
	1.2.2 Conformal Invariance
	1.2.3 Particle Production during Inflation

	1.3 Using Quantum Gravity as an Effective Field Theory
	1.4 Overview

	2 FEYNMAN RULES
	2.1 Interaction Vertices
	2.2 Working on de Sitter Space
	2.3 Scalar Propagator on de Sitter

	3 One Loop Graviton Self-energy
	3.1 Contribution from 4-Point Vertices
	3.2 Contribution from 3-Point Vertices
	3.3 Correspondence with Flat Space
	3.4 Correspondence with Stress Tensor Correlators

	4 RENORMALIZATION
	4.1 One Loop Counterterms
	4.2 Renormalizing the Flat Space Result
	4.3 The de Sitter Structure Functions
	4.4 Renormalizing the Spin Zero Structure Function
	4.5 Renormalizing the Spin Two Structure Function

	5 FLAT SPACE RESULT
	5.1 Schwinger-Keldysh Effective Field Eqns
	5.2 Solving for the Potentials
	5.2.1 Achieving A Manifestly Real and Causal Form
	5.2.2 Solving the Equation Perturbatively
	5.2.3 Correction to Dynamical Gravitons in Flat Space
	5.2.4 The One Loop Source Term
	5.2.5 The One Loop Potentials


	6 QUANTUM CORRECTIONS TO DYNAMICAL GRAVITONS
	6.1 The Effective Field Equations
	6.1.1 The Schwinger-Keldysh Effective Field Equations
	6.1.2 Perturbative Solution

	6.2 Computing the One Loop Source
	6.2.1 Partial Integration
	6.2.2 Extracting Another d'Alembertian
	6.2.3 Derivatives of the Weyl Tensor
	6.2.4 The Final Reduction


	7 CONCLUSION
	REFERENCES
	BIOGRAPHICAL SKETCH

